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LIST OF SYMBOLS 
= fraction of slab thickness to total 
AUX = summation of power series of x ^  
b^ = coefficient of expansion of exp(- t) 
Bj = buildup factor of functional of flux 
^ = matrix related to transmission operator matrix 
C = coefficient of the Berger's form of a buildup factor 
Cj = conversion constant 
^ = matrix related to transmission operator matrix 
D = coefficient of the Berger's form of a buildup factor 
D = diagonal matrix 
= error estimated by the Lanczos's method 
E^(x) = nth order exponential integral 
F(x, 0^) = modified secant integral 
F(Az) = matrix dependent on Az 
f(x, 0) = function of x and 0 
f(^^(x, 9) = fourth derivative of f(x, 9) 
G(0^) = function of 9^ 
G^(9^) = polynomial expansion of exp[- x(^ 8064 
, 50521 .10 , .-I 
+ 3628800 ® 
I(x, 9^) = numerical integration value of function F(x, 9^) 
I^(r, E) = differential energy spectrum 
K = matrix 
K(r', r) = point kernel at r to a point source at r' 
K ^(x) = point matrix kernel for n multi-layered slab 
n, 1 
V 
Kp(H, r) extended point kernel 
L length of a line source 
L(x) function of x 
M(r) = matrix of function of r 
N = integer 
P = matrix for similarity transformation 
= 
mth order canonical polynomial function 
R(x) = function of x 
Rl(x) = reflection operator matrix of layer i 
Sl.nW reflection operator matrix from layer 1 to layer n 
s. 




?! = vector position of ith region of shield 
S = isotropic radiation source matrix 
S(r) = radiation source distribution 
Tj(x) = transmission operator matrix of layer i 
3n,l(=) 
= transmission operator matrix for n multi-layered slab 
!»<*) = infinite medium transmission operator matrix 
t = independent variable 
U(x) = function of x 
W(x) = function of x 
= 
weights of Gaussian quadrature 
X independent variable 
yn(t) nth order approximation to function y(t) 
z 
= thickness of slab 
= 
zeros of Gaussian quadrature 
vi 
r(p,^r, E) = 4TTr^ exp(|x^r)I^(r, E) 
Tl = maximum possible error 
max 
0 = angle 
0^ = maximum value of angle 0 
= diagonal matrix related to transmission operator 
matrix T^(x) 
= jth row diagonal element of matrix A^ 
|i = linear attenuation coefficient 
T = constant determined by the tau method 
0(r) = response to a detector at spatial r 
0j(z) = flux at slab thickness z for finite medium 
0j^^(z) = flux at slab thickness z for infinite reflection medium 
0^(z) = uncollided flux at slab thickness z 
0^(z) = collided flux at slab thickness z 
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I. INTRODUCTION 
Since nuclear reactors are increasingly being constructed with a 
viewpoint from competitive economic consideration, optimum dimensions 
are also becoming more important for reactor shielding. The over-
designed radiation shields and hence overdimensioned reactor buildings 
can be reduced. However, since safety concern must be always a prime 
consideration in radiation shielding, this can only be accomplished 
if an accurate computing method of the external radiation is available. 
Therefore, one is required to search for new computing techniques which 
will satisfy more stringent requirements. 
For shielding design purposes, the transmission of radiation 
through material layers must be rapidly, accurately and systematically 
determinable. For the construction of useful shields and for experi­
ments with material layers, however, the transmitted and reflected 
radiation is of primary interest because only these are directly 
responsible for radiation damage outside shields, and they are rela­
tively easily accessible to measurement. 
The great advantage of the transmission matrix method consists of 
the fact that it contains a formulation of radiation transport %ulch 
is particularly well adapted to the layer problem. Reactor shields 
consist of material layers of neutron and gamma-ray absorbers. Â 
shielding calculation must establish the optimum sequence of the 
material layers and determine the necessary layer thicknesses. 
The transmission matrix method is particularly attractive for 
this purpose. In a first computing cycle the integral intermediate 
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results are obtained in the form of the space independent matrices 
for all material layers in question. These intermediate data can be 
stored in the form either of cards, disk, or tape for digital computa­
tion. 
Every desired layer combination can be then calculated from the 
intermediate data in a simple matrix operation in the following cycle. 
When the layer combination is changed, the entire calculation need not 
be started anew. The space independent matrices require only one 
determination. 
The transmission and reflection operators can also be determined 
experimentally. In the formulation of radiation transport by means of 
the transmission and reflection operators it is possible to compare 
theory and experiments with intermediate data already calculated. 
Thus, the transmission matrix method can become a useful engineering 
method, particularly because of their favorable characteristics for 
the construction of layer shields. This permits a sufficiently pre­
cise calculation of radiation shields without an extensive investment 
of experimental facilities. 
It is also valuable if those intermediate results can be used 
for other source geometries. Recently, Rohach [34] has developed the 
concept of a point kernel from the transmission matrix for plane 
geometry. As originally developed, this transmission matrix method 
was applied for plane geometry problems. There are a lot of possi­
bilities for application of the point matrix kernel for analyses of 
other geometries combining the extended point kernel method concep­
tion [18]. 
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In this investigation the radiation from a line source is investi­
gated. Little work on the line source radiation has been done because 
of the lack of suitable methods of attack. The extended point kernel 
method gives the analytical expression only for uncollided flux calcula­
tion, and can analyze the radiation with the aid of appropriate buildup 
factors only if they are available. 
Thus, the purposes of this investigation are; 
(1) to show availability of the point matrix kernel for line 
sources, and 
(2) to analyze radiation from line sources including evaluation 
of a special secant integral which is called the modified 
secant integral. 
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II. LITERATURE REVIEW 
There are several analytical methods of radiation attenuation. 
As a result of modern computers, an enormous number of Monte Carlo 
programs have been developed. Basic principles of the Monte Carlo 
methods are available in a number of books and articles [7, 13, 21]. 
All these methods make use of the idea of "random walk", and the theory 
of probability. In order to obtain good statistical results very many 
trials are required and the computer economy is important. 
Point kernel methods are also used for relatively simple calcula­
tions [4]. All extended sources of radiation may be considered to be 
composed of differential sources. The response of a detector due to 
any extended source results from superposition of point sources. This 
is the essence of the point kernel method. By response is meant the 
flux or some functional of the flux, such as dose rate, energy fluence 
or energy deposition. There are two distinct problems in point kernel 
methods. The first, and the most difficult is to find a suitable 
response point kernel. The second is the performance of the integra­
tion over the extended point sources. 
The transport methods are one which are based on the integro-
differential form of the linear, time-independent Boltzmann equation. 
The transport methods comprise the various methods of solutions. Some 
rigorous solutions of the one-velocity transport problems are treated 
in Refs. [6, 23, 39]. The moment method [8, 13, 16, 19] is usually 
considered as one of a few rigorous methods for the solution. A 
direct numerical integration is also used [33]. Among other numerical 
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solution methods the special harmonics expansion [12, 13, 28, 31, 39] 
and the discrete ordinate method, in particular approximation [s] 
are suited for use on high speed digital computers. The invariant 
imbedding method [2, 10, 23, 26, 29] is also applied to solve transport 
problems. 
A unique approach to the solution of the radiation problems is 
the transmission matrix method. Peebles and Flesset [32] computed the 
transmission operator for thin slab by order of scattering, doing the 
spatial integrations analytically and angle-energy integrations numeri­
cally. A second approach, in which transmission and reflection operators 
for a thin slab were computed by Monte Carlo method, has been developed 
by Kataoka [22]. Aronson, Yarmush and Zell [1, 40] have proceeded 
from a formal solution of the transport equation for the transmission 
matrix as a function of slab thickness. Haute [27] also calculated the 
transmission and reflection operators with polynomial expansion for 
the transmission operator starting from the transport equation, and 
obtained the results for the gamma rays from plane geometry up to 
8 mean free path (mfp) slab thickness. Rohach [34] recently developed 
the point matrix kernel based on Ref. [1, 40] and applied it for the 
point source analysis. 
None of the methods above-mentioned except the extended point 
kernel method have been applied for the line source analyses. The 
extended point kernel method is also limited only for simple analyses 
because of the nature of the point kernel. 
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III. GENERAL THEORY 
A. Point Kernel Method 
All extended sources of radiation may be considered to be composed 
of differential point sources. The response of a detector from any 
extended radiation sources may be obtained by summing or integrating 
the responses from the point sources of which the extended source 
consists. This is the essence of the point kernel method [4, 18]. 
Symbolically, 
where 0(r) is the response of a point isotropic detector at spatial 
point r. By the response is meant the flux or some functional of the 
flux, such as the biological dose rate, the energy fluence or the 
energy deposition rate. S(r*)dr' is the source strength, measured in 
particles per unit time, in the spatial element dr' about r*. The 
differential element dr' is either an increment of length, area or 
volume depending on the source geometry. The dimension of S(r') is 
either particles per unit length, area or volume, per unit time. 
K(r*, r) is the response of a detector at r to a unit point 
source located at r*. This point response kernel depends on the 
type of particles, their energy, and the composition of materials 
between the source and the detector. The point kernel is usually as­
sumed to depend on the material composition of the regions in the 
direct path between the point source and the detector point, but not 
on the composition off the direct path. This assumption may not be 
(1) 
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good for the case of the predominant scattering in the medium unless 
the point kernel has a character to take care of this consideration. 
In photon attenuation analyses the contribution of scattered 
radiation to the functional 0^ is accounted for, at least formally, 
by multiplying the uncollided point kernel by an appropriate buildup 
factor Bj, where the uncollided flux means the flux of particles tdiich 
traverses the path between the source and the detector points without 





i i 0. = exp(- 2^ li X ) (2) 
Cj = the constant which converts the uncollided number of 
the flux to the functional 0^ 
« total macroscopic cross section of the ith attenuating 
medium 
x^ = thickness of the ith medium along the path between the 
source and the detector points 
X = total thickness along the path between the source and 
detector points. 
0.(r) is obtained by integrating Eq. (2) over the extended 
sources and over the energy of the emitted photons (Fig. 1). 
S(r', E)Cj(E)B.(E, tJ.j^(E))|r^ - r^^^j !:L 
exp(- Ç n^(E)lr^ - r^^^|)dr'dE. (3) 
^3^'^ " I I 
8 
Region 3 V Region n 
Region 2 ^n 
detector 
y 
Fig. 1. Integration of point kernel over extended source. 
S(r', E)dr'dE is the number of photons emitted per unit time in the 
spatial range dr' about r' and in the energy range dE about E. r^ is 
the vector position of the ith region boundary along the path between 
the source and detector, r' is a variable in the integration, and r^ 
is the vector position of the detector. 
Outside of the mathematical difficulty of the integration, the 
ordinary point kernel is limited to calculation of the total effects 
of the uncollided flux and collided flux because buildup factors for 
layered shields have not been extensively developed. When one can use 
a point kernel which is able to take care of the uncollided flux, the 
buildup factor method can be more extensively used. 
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B. Point Matrix Kernels 
Rohach [34] developed a point matrix kernel from the transmission 
matrix under the condition that a source vector is isotropic and uni­
form 
K(x) » point matrix kernel at a distance x from a point source 
T'(x) - derivative of the transmission operator matrix for a 
plane source at a distance x 
X - distance between a differential point source and a 
detector point. 
For a single layer the transmission operator matrix, T(x) and the 
reflection operator matrix R(x) are given by the following asymptotic 
forms [34]: 
K(x) - (4) 
where 
T^(x) - 4C^^exp(- (5) 
and 
S.W - s.s;^  






Fig. 2. A single layered slab. 
One can consider a transmission operator matrix, T .(x) for 
—n,l 
multi-layered slab. For a two-layered slab 
where 
(7) 
—2 1^*^ ° transmission operator matrix through layer 1 
and layer 2 
Tj^(x) = transmission operator matrix through layer 1 
TgCx) = transmission operator matrix through layer 2 
Rj^(x) = reflection operator matrix from layer 1 
R2(x) = reflection operator matrix from layer 2 





layer 1 layer 2 
•» 
(— a^x —) f— a^x —9 
i J 
12 i(x)S 
Fig, 3. Two-layered slab aj^ + a^ • 1.0. 
For a two-layered slab the point matrix kernel. Kg j^(x) becomes 
' " 2mc dx " Ri(a]^x)R2(^2*)^ -1^®1*^)( 
+ TgCa^xXCl - Rj(ajX)R2(a2x)]'h'Tj^(ajX)| (8) 
where it has been assumed that this operation will only operate on an 
isotropic source vector. For n multi-layered slab, the transmission 
operator matrix becomes 
.1, ( 
In,l^®l' ^n' 
- In<V>'^i-^.n-l^®r *2'"' Vr *>£n<V>^ 






.. a^, x) = transmission operator, matrix 
through layer 1 to layer n 
a^_^, x) = transmission operator matrix 
through layer 1 to layer n - 1 
%,n-l(^l' ®2' 
^(a^x) = transmission operator matrix 
solely through layer n 
.. a^, x) = reflection operator matrix 
from layer 1 to layer n - 1 
R^(a^x) = reflection operator matrix 
solely from layer n 
X = total thickness of slab 
a^ = fraction of thickness of layer i 
to total thickness, x 
Source 
S 
layer 1 layer 2 layer n 
i— y a^x y t- V — ^  
t X > 
Fig. 4. n multi-layered slab. 
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Under the condition that a source vector is isotropic and uniform using 
the asymptotic forms of the transmission and reflection operator 
matrices, one has: 
for a single-layered slab from Eqs. (4), (5) and (6) 
K(x) - 2^ exp(- (10) 
for a two-layered slab neglecting the double reflection term in 
Eq. (8) 
-2,1^*^ " 2rnc ^2 1^-2^2^1 
(11) 
where subscripts indicate layer identifications, 
—2 " ^ 2^ 2 * 
and only exponential terms are functions of x and other are independent 
of X. The assumption of negligence of the double reflection may not 
be too bad for gamma ray analysis especially if one of materials of 
a slab has a hig^ atomic number with a large photoelectric cross 
section. 
One can also obtain an expression of the point matrix kernel for 
n multi-layered slab. In Eq. (9) the double reflection terms are 
neglected, then Eq. (9) becomes 
^,1^®1* ®2* ®n' ° ^^ ®n*^'^-l^®n-l*^ Ï2^®2*^-1^^1*^ 
(12) 
The differentiation of Eq. (12) results in 
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'2- ••• %• °  • • • •  Î 2 < V > 2 i < V >  
+ ïn<V^Cl<Vl='> •••• Ï2<V>2i<V) 
+ Î„^V> • • •Î2<V^3i^V^ 
' s & {în-i('n-i")}"• • • 
Tj(ajX). (13) 
Substituting the asymptotic transmission functions one has 
Sm-iCdit ^-l*^]5fn.i ••• 
.... exp(- AJx)B^J| , (14) 
where 
Ai - . 
The point matrix kernel for n multi-layered slab becomes 
- Is ^  {si 
S+m-lk 5+n.l-" 
exp(- A[x)B^J} (15) 
As a result of the negligence of double reflections for multi-layered 
slab, the point matrix kernel may have tendency to underestimate col­
lided flux densities to some extent depending on magnitudes of reflections. 
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C. Formulation of Line Source Analysis 
Combining the extended point kernel conception to the point matrix 
kernel one will be able to analyze radiation from a line source. 
Source S(x) 
detector 
Fig. 5. Radiation from line source. 
The flux or functional, 0^(z) from a line source is given by 
where 
0f(z) i K(r)S(x)dx, (16) 
K(r) a a point kernel 
S(x) = a distribution of line source along the edge of the 
slab at z " 0 
L = length of line source 
z " thickness of the slab 
r « distance between differential length dx and detector 
point. 
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1. One homogeneous layer 
If one considers the uniformly distributed isotropic line source 
and a homogeneous slab material, then the point matrix kernel is 
^ Î' W 
h ^ exp<- te)/r (17) 
and a source vector is 
S(s) «S. ' (18) 
Substituting Eqs. (17) and (18) for Eq, (16), one obtains 
,L 
*f(z) "I & e*l>(- Ar)/r gT'gdx 7
e, 
sec 9 exp(- sec 8)d6 (19) 
0 
v^ere 
6 = arctan (L/z) 
r = z sec 6 
2 dx = z sec 6 d6. 
If one considers an infinite medium reflection for both source 
and boundary [34], Eq. (19) becomes 
sec 0 exp(- M sec e)d0B^^(I 
Sj'h (20) 
^ere g 
r sec 8 exp(- y sec 8)d9 has been defined as the modified 
secant integral. 
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2. Two layered slab 
Now consider a two layered slab (Fig. 6). 
dx 
layer 1 layer 2 
f ^ 
4 2 . \ 
detector 
Fig. 6. Two layered slab. 
The asymptotic point matrix kernel with negligence of the 
double reflection term is obtained from Eq. (11). 
-2,1^'^ "2TTr -2,1^^^ 
where 
Ai = Ml 
- ^ 2 • 









exp sec 0 exp (-^ 21^ :^  2 sec 9 ... a^^^ exp z sec 6 
agi exp(-A^2-A^^)z sec 0 
L\l e*p(-A'j_^-Ay z sec 9 
^ij ®ij "*" ®ij 
AJk = aA 
where a is the fraction of each layer, subscript 1 or 2 indicates layer 
1 or 2, subscript k indicates the diagonal element of kth row of 
diagonal matrix, A. a^^ and a'j^^ are elements of ith row and jth 
column of the matrices, [A^B^gC^^] and TB^gS+i—respectively. 
If infinite medium reflections are considered, then the same idea of 
source and boundary backing as a single layer can be applied and 
Eq. (22) becomes 
-^21fm(^) = "II (1 -2TT — —fo —+2 /: sec 0[F(&z)]d0 b"}-(I - RV)"^S 
(23) 
where is the reflection from boundary side and RJ^ is the reflection 
for source side. 
Consider 
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exp(- ^r) (24) 
where A| and are diagonal matrices. 
If one can use the array multiplication rule that multiplication should 
be made only between two entries which are located at the same posi­
tion in their arrays and that the product should be stored as the 
entry at the same position of a new array or a matrix, then Eq. (24) 
becomes 
[exp(- .A^r)]^^^ = a column vector matrix (Aiich has entries 
of diagonal entries of exp(- A^r) 
[exp(- A'r)] = a row vector matrix which has entries 
row 
of diagonal entries of exp(- Aj^r), 
In the second array of Eq. (25), one can write 
([BC])array * row array (25) 
where 
[BC] = [ ] 
[exp(- A%r)]g0^[exp(- ^ r)]^^^ = exp(- Kr) = M(r), (26) 
where 
K = (27) 
which is independent of r. 
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It is convenient if the matrix, H(r) is diagonalized. In this 
procedure one defines a similarity transformation P on M(r) that 
diagonalizes M(r), Therefore, 
^(r)p'^ = pjexp (- Kr)|p"^ = exp(- PKP'Sr (28) 
or 
M(r) = P"^|exp(- PKP'Srjp (29) 
It can be seen that one needs only to diagonalize K, a matrix independent 
of r. Therefore 
f\ I sec 9 exp(- A^z sec 9)[BC]exp(- Aj^z sec 9)d0 
•'o 




D = PKP"^ (diagonal matrix). 
One can now define Eq. (30) as a matrix, G and obtain the expres* 
sion of the flux from the line source where photons pass through a 
two layered slab. 
- # smss;];!- (31) 
For an infinite medium reflection one has 
a- (32) 
21 
By dlagonallzation of the matrix, K, one can reduce the number of the 
integration of the modified secant integral by factor N which is the 
size of the square matrix of A. 
3. N multi-layered slab 
One can consider a general, n multi-layered slab. The point 
matrix kernel with asymptotic form and with negligence of the 
double reflection terms is 
C"J exp(- A'r)B;J (33) 
where 




IV. EVALUATION OF THE MODIFIED SECANT INTEGRAL 
A. Numerical Integration of the Modified Secant Integral 
by Use of Gaussian Quadrature 
In order to calculate the radiation from a line source one needs 
to evaluate the modified secant integral, 
»e r 
F(x, 0^) = I sec 0 exp(- x sec 0)d0. (35) 
•'0 
In recent years Gaussian quadrature has been recognized as a 
useful numerical integration technique in computer calculations. 
Gaussian rules are simple and economical since a N-point integration 
formula is exact for polynomials up to degree 2N - 1. However, it is 
rather difficult to check the errors as a result of the application 
of the method. 
The order N approximation of F(x, 6^) by Gaussian quadrature is 
given [24] 
î(x, e^) = ^ 2 ^  ^  W j ^ f ( x ,  0 . )  ( 3 6 )  
where 
f(x, 0) = sec 0 exp(- x sec 0) 
0^ = [(b - sl)z^ + (b + a)]/2 
b « 0 
o 
a 0 
where z^'s are the zeros of the order N Gaussian quadrature and w^'s 
the associated weights. 
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The error of the Nth order approximation can be calculated from 
the formula [24] 
E_ = 
n 2N + 1 [f(x, 0) + f(x, e^)] - I(x, e^) 
where 
f'(x, 0) = tan 0(1 - X sec 0)f(x, 0). 
(37) 
B. Âsynçtotic Approximation to the Modified Secant Integral 
In order to check the results of the application of Gaussian 
quadrature, one can use asymptotic approximations. Divide the 
integral range into two parts 
. 0  
F(x, 0^) =1 f(x, 0)d0 i f: f: sec 0 exp(-X sec 0)d0+ I sec 0 exp(- x sec 0)d0 
0, 
0 < 0, < 0 . 
i O 
For the special case x = 0 
•0 !. F(x, 0^) = I sec 0 d0 = log^(8ec0^+ tan 0^) . 
(38) 
(39) 
For the first integral in Eq. (38) one can use the polynomial 
expansion for exp (- x sec 0) 
i 
exp(- xsec0) = (- 1)^ ^  (sec 0)^ (40) 
24 
Then, 
/: sec 0 exp (- X sec 0) d0 = 00^ i f S ^ I (sec 0)^'*"^d0 Jo 




+ 7^ log^Csec + tan Sj):) 
^ (2i - 1) ! Ui - 1 " 1-12^^72^3) 
(41) 
where any term is zero if any numerator or denominator of any term is 
not positive, and the coefficient of the term of logg(sec 0^ + tan 0^) 
should be the same as the coefficient of the term of (sec^O^) with 
the exception that the coefficient is 1.0 at i = 0. For large x 
Eq. (41) is slowly convergent, therefore one can use the following 
expansion: 
sec 0 exp(- X sec 0) * exp(- x)exp(- x0^/2)G(0^) (42) 
where 
sec 0 = 1 + I 0^ + I4 0^ + tU 0^ + [14] 
exp(- x sec 0) = expC (- x) (1 + ^  0^ + ~ 0^ + 0^ + ...)] 
= exp(- x)exp(- x0^/2)exp[(- x) (§40^+"^ 0^+ '"')] 
exp(- x)exp(- x0^/2)Gj^(0^) 
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6(8%) = G^(e^)(1 + I + 1^ 0^ + 
G^(6^) = polynomial expansion of exp[(- x) (-^ 0^ + 0^ + -
Then, 
.0 
F(x, 0j^) = exp(- x) I exp(- x0^/2)G(0^)d0. (43) 
•'0 
One can easily treat the second integral of Eq. (38). Let u = sec 0 
then 
y»0Q /*^0 
I sec 0 exp(- X sec 0)d0 = | du 
J. J uVl - u" 
1 
exp{- xu) J du 
where 
u\l - u 
*1 "*0 
= E^(xu ) - E. (xu ) +-^ E-(xu.) ^ E_(xu ) + ••• 
^ ^ ^ ° 2u; ^ 2u ^ ° 
1 o 
(44) 
Uj = sec 0^ 






E (xu) . u"-^ I •= e*p(- xt)dt. 
where E^(xu) is nth order exponential integral [4], 
(uVl - .-2)'^  - u-l + i u-3 + ^  „-5 + .. 




sec 6 exp(- X8ec9)d0 = E^^(xu^) + AM 
(45) 
since 
= 0 as = ». 
1. Approximation of expf- t) 
In order to take only a few polynomial terms for approximation 
of exp(- t) one can derive a suitable polynomial expansion formula. 
Consider the differential equation 
y'(t) + y(t) = 0 (46) 
with y(0) = 1, 
so that y(t) = exp(- t). 
One can find the canonical polynomials (definition can be found on 
page 70 in Ref. [24]) for Eq. (46) 
Qo(t) = 1 
Ql(t) = (- 1)11(1 - t) 
QgCt) = (- 1)^21(1 - t + t^/2) 
q^(t) = (- l)"m! V (- l)"t"/il i. i (47) 
Using Eq. (47) one can write the nth order polynomial approxima­
tion to y(t) 
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when 
y„(t) = T Ë cX<« <«) 
m-0 
y^(t) = nth order approximation to y(t) 
C™ = coefficient of the mth polynomial of the nth shifted 
Chebyshev polynomials, T* [24]. 




and the maximum possible error is estimated by [24] 
T)  1  =  T / ^ n + 1  .  
max 
(50) 
J-x 2 t exp(- t )dt 0 
In order to calculate Eq. (43) one needs to evaluate the 
integral 
x 
L(x) = I t" exp(- t^)dt. (51) /. '0
where n is zero or a positive integer. 
One can differentiate both sides of Eq. (51), with respect to x and 
obtain 
L'(x) = x^ exp(- x^) (52) 
Now assume a solution such that 
L(x) = x*^ exp(- x^)u(x), (53) 
where 
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u(x) = ®2in-l* 
2m-1 (54) 
which satisfies with condition, L(0) = 0. 
Therefore a differential equation is obtained from Eqs. (52) and 
(53) 
xu*(x) + (n - 2x^)u(x) = X 
Substituting Eq. (54) into Eq. (55) results in 
Si (2m + n - - 2a2^_^x^^} = x. 
Comparing the coefficients on both sides one obtains 
a, = 1 2 




2m-1 2m + n - 1 2m-3 
1 ® 9 
" 2 .J. ^2i + n - 1^ • 
Therefore the solution to L(x) is 
t" exp(- t^)dt = ^  x"^^ exp(- x^) ^  
^ m=l /: m n ( i=l 
(57) 








i=l 2i + n - 1 
(Y*) 2(m-l) (59) 
In particular, if y = K/2 
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/: exp(- Kt^/2)dt = ^  exp(- Kx^/2) 
m 
R <21 + n - l) 
1=1 
One may consider the general case 
W(x) =1 t^ exp(- t™)dt, 
*0 
where m and n are nonnegatlve integers. 
Similarly one obtains 
W(x) = ^  x°^^ exp(- x°) m.C 
for the case 
R(x) =1 t" exp(t™)dt, 
Jo 
R(x) = ^  x"^^ exp(t°) ^  n T 
1=0 
m 
im + n + 1 (- i)V 
If m = 0, 







It is noted that n = 0 in Eq. (58) leads to the probability 
function [14] and that m = 2 and n = 0 in Eq. (64) leads to Sakamoto's 
function [35]. 
If one considers 
(x*^ exp(x^))' = nx^"^ exp(x^) + 2x*^^ exp(x^). (66) 
-x x 
I t°^^ exp(t^)dt = "I *" exp (x^) - ^  m t""^exp(t^)dt (67) 
Jq J a 
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is obtained. 
If n = 2m; m = 0, 1, 2 
•2  I exp(t^)dt = "I exp(x^) - m exp(t )dt 
= (- 1)""^  f 1 - exp(x^) ^  (- 1)^ fy 
(68) 
2i 
If n = 2m - 1; m = 1, 2, 
tX 
f t^™ exp(t^)dt = "I x^° ^ exp(x^) - (2m-1) f t^"'^ exp(t^)dt 
1=1 
2m - 1) Î f 





Similarly the following equation results 
.X I t^^ exp(- t^)dt = - "I x" exp(- x^) + ^0 exp(-t )dt. 
(70) 
If n = 2m; m = 0, 1, 2, 
tX I ^2mt-l exp(- t^)dt = -^ m! 1 - exp(. x^) ^  1^1 . (71) 
If n = 2m - 1; m = 1, 2, 
>x 
t^ exp(- t^)dt / (2m - 1) ! r J^"^(m - 1) ! Jo exp(- t )dt 
e:p(. V - 1? I (2m- 1)1 ^2m-2l-l 
Co 2 (m - 1)1 (2m - 21)! 
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Finally one has the appropriate formulas for the evaluation of Eq. (35) 
for small x and small 8, Eq. (41), 
for large x and small 9, Eq. (43), 
and 
for larger angles than 8^, Eq. (44). 
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V. RESULTS AND DISCUSSION 
A. The Modified Secant Integral 
Ten, twenty-two and forty point Gaussian formulas were used 
numerically to integrate the modified secant integral, and were 
compared with the checking formulas in Chapter IV. In order to 
expect five digit accuracy to the checking formulas the following 
approximations were used: 
6^ = A/Os 
0 < e < e, 
with less than 7.5 X lO"^ 
X < 40. 
Then the power term of exp x) (5/24 0^ + 61/720 0^ + •••)! is less 
than 0.25 and Eq. (48) can be used for the approximation. 
exp(- t) = V b^ti , (73) 
0 < t < 0.25 
where the probable maximum error would be less than 1.4 X 10 and 
to = 1 
b^ = - 889984/889985 
b^ = 444928/889985 
bg = - 147456/889985 
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= 32768/889985. 
In order to calculate the exponential integral E^(x) for four dif­
ferent approximation power series were used depending on the 
magnitude of x. 
For 0 < X < 1, and 1 < x < 10 the formulas from Ref. [20], for x > 30 
the formula from Ref. [ll] were used. 
For 10 < X < 30 
where E^(x) was derived by use of the tau method [24], * implies 
multiplication, and 
with 
b = 0.99999999999946 
o 
b^ = - 0.99999999844367 
bg = 1.9999992552944 
bg = - 5.9998593351996 
b^ = 23.986088667743 
bg = - 119.17105216042 
bg = 687.64220683609 
by = - 4163.4990821542 
bg = 23016.383545592 
E^(x) = X * AUX * exp(- x) 
11 
34 
bg = - 99522.781419961 
b^Q = 281506.31515822 
b^^ = - 377630.42277323 
•13 
and the probable maximum error less than 5.41 X 10 in AUX. 
Then one can calculate nth order exponential integral using the 
recurrence relation [6] 
E^(x) = ^  ^ (exp(- x) - xE^_^(x)), n > 1. (74) 
The checking formulas were iterated so that the last added 
term would be less than 1.0 X lO"^ of the partial summations. The 
results from twenty-two and forty point Gaussian formulas were com­
pared to those from the checking formulas. At least the first four 
digits agreed. The errors of the Gaussian formulas were also calculated 
by Lanczos's formula [24] even though they might be overestimated. 
This indicated that Gaussian formulas (twenty-two and forty points) 
would be accurate up to the first four digits. Some numerical dif­
ficulty occurred for the Lanczos's formula for 0 approaching 90° 
because the error estimation formula for the modified secant integral 
contains sec 6, tan 6 and exp(- x sec 0). As a result of the comparison 
the estimated errors for 9 = 90° would be almost of the same order as 
o 
those for 0 = 80°. 
o 
The twenty-two and forty point Gaussian formulas resulted in some 
difference in the fifth digit. The ten point formula resulted in 
35 
some difference in the third digit. However, it is felt that at 
least four digit accuracy would be sufficient to use for the shielding 
design purpose. 
Numerical calculation results (0.1 < x < 40) were generated using 
the forty point Gaussian formulas including errors estimated by the 
Lanczos's formula in Appendix D. Some of the results (1 < x < 20) are 
plotted in Figs. 7 to 10. 
It was concluded that the twenty-two Gaussian formula could be 
good enough to be used for the radiation analysis from a line source. 
Equations (58) and (64), where m = 2, were also evaluated and 
the results are plotted in Figs. 11, 12, and 13. 
B. Radiation from a Line Source 
A computer program to obtain the transmission and reflection 
operator matrices is described in Ref. [34]. The gamma ray sourde 
in this investigation consisted of 1 MeV photon and were normalized 
to 1 MeV/cm/sec. The source was an isotropic uniform line source. 
The seventeen energy groups were used with variable angular expan­
sions, and six half range Legendre polynomials were fitted for an 
isotropic (l/w) input source flux to obtain the transmission and 
reflection operator matrices. The energy grouping, from the highest 
group to the lowest was tabulated in Table I. As mentioned in 
Section A, the twenty-two point Gaussian formulas were used numerically 
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Fig. 8. The function F(x, 6 ) " I ° sec 9 exp(- x sec 0)d6 for x = 4 











Fig. 9. The function F(x, 0 ) = 
to 17. ° 
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Fig. 10. The function FCx, 9 ) = / ° sec 0 exp(- x sec 9)d6 for x 
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Table I. Energy grouping 
Number of angular 
Energy range expansions of the half 





Second 1.0 - 0.88 5 
Third 0.88 - 0.76 5 
Fourth 0.76 - 0.64 5 
Fifth 0.64 - 0.51 5 
Sixth 0.51 - 0.41 5 
Seventh 0.41 - 0.31 4 
Eighth 0.31 - 0.26 4 
Ninth 0.26 - 0.203 4 
Tenth 0.203 - 0.173 4 
Eleventh 0.173 - 0.143 4 
Twelfth 0.143 - 0.113 3 
Thirteenth 0.113 - 0.095 3 
Fourteenth 0.095 - 0.078 3 
Fifteenth 0.078 - 0.060 3 
Sixteenth 0.060 - 0.049 3 
Seventeenth 0.049 - 0.041 3 
Since none of the results of the radiation from line sources 
could be obtained, in order to check the availability of the point 
matrix kernel for the line source analysis two comparisons were made. 
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The first one was the comparison of differential energy spectra from 
the relative short line sources to those from point sources. It 
was expected that they would have similar differential energy spectra 
if the slab thicknesses were very large compared to the short line 
sources. In Ref. [19] the isotropic point source results were ob­
tained from the moment method originally calculated for the plane 
problems using the plane-to-point transformation. A special notation 
was introduced: 
r(|j.^ r, E) = 4TTr^  exp(n^ r)I^ (r, E), (75) 
where 
r = distance between the source and detector point 
= linear attenuation coefficient of a material 
in interest at the source energy 
I^(r, E) = differential energy spectrum 
r(p,^r, E) = was plotted versus energy. 
For comparative purposes the differential energy spectra from the 
2 line sources were also multiplied by 4Trz exp(p.^z) where z is the 
distance normal to a line source from a detector point. These results 
are plotted in Figs. 14 to 17 for various thicknesses of various 
materials. As expected, the comparison of differential energy spectra 
with the moment method calculation were very good for both the spectra 
shapes and for the magnitudes. When the slab thicknesses were of more 
than four mean free path while the line source was one mean free path, 
the results gave essentially point source conditions. 
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-Total flux, infinite medium 
-Transmission flux, finite 
medium 
layer thickness • 20 mfp 
layer thickness = 10 mfp 
layer thickness = 4 mfp 
layer thickness = 1 mfp 
JB 
-Lz:—I 1 I 1 > 
0.2 0.4 0.6 0.8 1.0 
Gamma ray energy (MeV) 
Differential energy spectrum for medium water. Isotropic 
source energy ~ 1 MeV, source strength « 1 MeV/cm/sec, source 





Total flux, infinite medium 
——Transmission flux, finite medium 
layer thickness = 20 mfp 
—; layer thickness = 10 mfp 
layer thickness = 4 mfp 
layer thickness • 1 mf£_ 
_L _L _L 
0.2 0.4 0.6 
Gamma ray energy (MeV) 
0.8 1.0 
Fig. 15. Differential energy spectrum for medium aluminum. Isotropic 
source energy • 1 MeV, source strength « I MeV/cm/sec, 
source length = 1 mfp. 
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layer thickness - 20 mfp 
layer thickness • 10 mfp 
layer thickness = 4 mfp 
layer thickness = 1 mfp 
Total flux, infinite medium 
Transmission flux, finite medium 
X I L 0 0.2  074 076 078 Ï7Ô 
Gamma ray energy (MeV) 
Differential energy spectrum for medium iron. Isotropic source 
energy » 1 MeV, source strength » 1 MeV/cin/sec, source 








Total flux» Infinite medium 
Tranomisslon flux, finite medium 
layer thickness - 20 mfp ——— 
layer thickness - "4 mfp 
layer thickness • 1 mfp 
X JL J. 
0 7 2 0 : 4 o  
Gamma ray energy (MeV) 
0.8 1.0 
Fig. 17. Differential energy spectrum for medium lead, isotropic source 
energy > 1 MeV, source strength • 1 MeV/cm/sec, source 
length " 1 mfp. 
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The differential energy spectra from one hundred mean free path 
lengths of line sources (this essentially gave the condition, a half 
infinite long line source, i.e., 8 = 0 to 90°) are plotted in Figs. 18 
and 19. The differential energy spectra shapes are similar to those 
from one mean free path length line sources. 
The second comparison method vas to use the Berger's form [3, 37] 
of the buildup factors. One can have the extended point kernel 
Kp(U, r) = (1 + CiJr exp(DlJr))exp(- pr)/(4TTr^) 
= exp(- |jr> ^  CHr(- (1 - D)yr) (,6) 
4TTr^ 4Trr^ 
where C and D are the extended fitting coefficients [l9, 37] which 
are dependent on buildup factors in interest. If Eq. (76) is applied 
to the line source analysis, the first term which is related to un-
collided flux leads to the secant integral [36], and the second term 
which is related to collided flux leads to the modified secant integral. 
As suggested in Ref. [17] Gaussian quadrature was also used to integrate 
the secant integral numerically. There was very good agreement in the 
calculation of the uncollided flux between the point matrix kernel and 
the extended point kernel methods. There was also fairly good agree­
ment on the buildup factor calculation between both methods for 
relatively thin thicknesses since the available buildup factor coeffi­
cients [19, 37] are good at most only for the range less than twenty 
mean free path which is the distance between a differential extended 
source and detector point. The results are shown in Tables II and 










Total flux. Infinite medium 
Transmission flux, finite medium 
layer thickness " 20 mfp 
layer thickness = 10 mfp 
layer thickness - 4 mfp 
layer thickness « 1 mfp 
0.0 0.2 0.4 0.6 
Gaana ray energy (MeV> 
0.8 I.O 
Fig. 18. Differential energy spectrum for medium water. Isotropic 
source energy - 1 MeV, source strength « 1 MeV/cm/sec, 
source length • 100 mfp. 
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10" 
— Total flux, infinite medium 







layer thickness = 20 mfp 
layer thickness » 4 mfp 
layer thickness « 1 mfp 
_L •ir _L -U 
0.2 0.4 0.6 
Gamma ray energy (MeV) 
0.8  
Fig. 19. Differential energy spectrum for medium lead. Isotropic 
source energy • 1 MeV, source strength - 1 MeV/cm/cec, 
source length « 100 mfp. 
Table II. Buildup factors (1 mfp line source^ length). Upper row value: point matrix kernel 
method;, lower row value in parentheses: extended point kernel method 
Thickness (infp) 
Shield 
material Buildup factor 1.0 2.0 4.0 6.0 8.0 10.0 15.0 20.0 
2.07 3.42 7.02 11.57 16.99 23.20 41.95 64.82 
(2.31) (3.66) (7.13) (11.84) (18.09) 
2.08 3.45 7.11 11.75 17.26 23.57 42.62 65.85 
(2.33) (3.74) (7.56) (13.07) (17.58) (24.57) (49.84) (91.04) 
2.07 3.42 7.03 11.60 17.02 23.23 41.99 64.87 
(2.32) (3.75) (7.69) (13.48) (17.94) (25.14) 
7 r. ' ' 
(51.30) (94,#) 
2.05 3.27 6.46 10.53 15.38 20.97 37.86 58.51 
(2.18) (3.37) (6.36) (10.27) (15.33) . 
2.06 3.28 6.49 10.57 15.45 21.05 37.99 58.69 
(2.17) (3.38) (6.49) (10.73) (14.34) (19.54) (37.30) (64.21) 
2.18 3.61 7.36 12.15 17.89 24.49 : 44.54 69.08 
(2.30) (3.61) (6.87) (11.12) (16.25) (22.27) (43.02) (74.83) 
1.88 2.81 5.14 7.98 11.26 14.90 25.45 37.70 
(1.96) (2.91) (5.21) (8.12) (11.73) 
1.90 2.86 5.25 8.17 11.53 15.28 26.12 38.70 
(1.98) (2.96) (5.37) (8.48) (11.36) (15.18) (27.75) (45.86) 
2.23 3.52 6.75 10.73 15.34 20.48 35.43 52.81 










Isotropic 1 MeV photon; strength: 1 MeV/cm/sec; source length = 1 mfp infinite medium. 






















































Table III. Buildup factors (100 mfp lines source* length). Upper row value: point matrix kernel 














2.32 3.89 7.81 
(2.56) (4.11) (7.94) 
2.33 3.93 7.93 
(2.62) (4.24) (8.31) 
2.32 3.90 7.83 
(2.62) (4.27) (8.45) 
2.27 3.69 7.17 
(2.40) (3.77) (7.03) 
2.28 3.71 7.20 
(2.39) (3.79) (7.22) 
2.45 4.10 8.19 
(2.54) (4.04) (7.60) 
2.05 3.13 5.64 
(2.14) (3.22) (5.72) 
2.08 3.18 5.77 
(2.16) (3.28) (5.91) 
2.47 3.95 7.45 
(2.59) (4.12) (7.72) 
12.63 18.27 24.68 
(13.03) (19.75) 
12.82 18.56 25.08 
(13.80) (21.17) (30.95) 
12.65 18.30 24.72 
(14.19) (21.99) (32.49) 
11.47 16.53 22.30 
(11.24) (16.63) 
11.52 16.60 22.39 
(11.80) (15.40) (20.85) 
13.26 19.25 26.08 
(12;16) (17.48) (23.79) 
8.63 12.01 15.75 
(8.81) (12.63) 
8.83 12.31 16.15 
(9.23) (12.14) (16.13) 
11.63 16.40 21.69 
(12.26) (16.29) (21.78) 
^Isotropic 1 MeV photon; strength; 1 MeV/cm/sec; source length = 100 mfp, infinite medium. 
Table III. Continued 
Thickness (mfp) 
Shield 




1.43 1.73 2.26 
(1.43) (1.77) (2.35) 
1.44 1.76 2.30 
(1.46) (1.80) (2.39) 
1.89 2.41 3.27 
(1.92) (2.59) (3.66) 
2.71 3.13 3.52 
(2.85) (3.29) 
2.77 3.20 3.60 
(2.87) (3.49) (3.96) 
4.01 4.68 5.29 
(4.46) (5.69) (6.49) 
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As a result of the differential spectra and the buildup factor 
comparisons, it is felt that the point matrix kernel could be used 
for the analysis of the line source radiation. However, in order 
precisely to evaluate the usage of the point matrix kernel method 
for the line source analysis some more comparative informations, such 
as experimental results, are necessary. 
The total energy carried by uncollided and collided flux are 
plotted versus thickness of the layered materials in Figs. 20 to 23. 
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source length • 100 mfp 
source length « 2 mfp 
source length " 1 mfp 
Layer thickness (mfp) 
Total energy carried by uncollided and collided fluxes for 
various source lengths. Medium: water, isotropic source 































source length " 100 mfp 
• source length » 1 mfp 
Layer thickness (mfp) 
Fig. 21. Total energy carried by uncollided and collided fluxes for 
various source lengths. Medium: aluminum. Isotropic 
source energy • 1 MeV, source strength - 1 HeV/cm2/sec. 
59 
source length • 100 mfp 
source length « 1 mfp 
0 2 4 6 8 
Layer thickness (mfp) 
Total energy carried by uncolllded and collided fluxes for 
various source lengths. Medium: Iron, Isotropic source 

































source length •* 100 mfp 
.source length 
_source length " 
Layer thickness (mfp) 
Fig. 23. Total energy carried by uncolllded and collided fluxes for 
various source lengths. Medium: lead. Isotropic source 
energy - 1 MeV, source strength - 1 MeV/cm/sec. 
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VI. CONCLUSION 
Few results have been reported on the line source radiation analyses 
because of the lack of suitable methods and of the difficulty of mathe­
matics even through the extended point kernel methods give the mathematical 
expressions for the uncollided flux. The point matrix kernel method 
has been applied to some gamma ray transport problems from isotropic 
uniform line sources. The extended point kernel method has shown 
to be a simple and easy way to calculate radiation from a line source 
if appropriate buildup factor data are available. 
Since the point matrix kernel contains both the uncollided and 
collided operators, it can calculate total functionals of the flux 
as a function of energy and thickness of a slab. Therefore, the weak­
ness of the buildup factor concept can be avoided. Since the un­
collided flux calculation agrees well with the point matrix kernel 
and the extended point kernel methods, the extended point kernel method 
can be used more extensively if the appropriate buildup factors and 
their coefficients are generated by the point matrix kernel.method. 
Although the transmission matrix method can be applied for any 
geometry [l], the present applications have been limited for plane 
source geometry. The point matrix kernel which has been derived from 
plane geometry can extend the application of the method not only for 
point source but also for other source geometries such as line source, 
and possibly cylindrical volume source and spherical volume source. 
All necessary data for the point matrix kernel are the inter­
mediate results of the plane source calculation of the transmission 
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matrix method. Since the intermediate results are independent of 
thickness of a slab, they need be calculated only once and can be 
stored on cards, disk or tape. Using the intermediate results the 
point kernel method only requires some simple matrix operation, in­
cluding some integrations depending on source geometry. 
The point matrix kernel may be able to be a powerful tool in 
parametric and optimization studies without any large investment in 
experimental facilities. Since the transmission and reflection 
operators can be experimentally measured, both results can easily 
be compared. 
Gaussian quadrature has been shown to be a good, easy and ac­
curate method to integrate the modified secant integral and the Lanczos's 
error estimation formula has shown reasonable results except near 
0 = 90°. 
o 
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VII. SUGGESTIONS FOR FURTHER STUDY 
Since point kernel methods can give precise mathematical expres­
sions for problems, they can solve many problems. As has been shown, 
the point matrix kernel method has been applied only for single layers 
with isotropic uniform gamma ray line source. 
Further work can be done in the following areas: 
1. In order to evaluate the point matrix kernel method for 
the analyses of radiation from a line source, some compara­
tive work, such as experimental work, that would be de­
sirable. 
2. Application of the point matrix kernel for multi-layered 
slabs including the integration method of the modified 
secant integral for multi-layered. Possibly, Gaussian 
quadrature can be used. 
3. Examination of the effects of double reflections for thick 
multi-layered slabs. 
4. Application of the point matrix kernel to some other geometry 
such as cylindrical volume source and spherical volume source. 
5. Parametric and optimum studies using the point matrix kernel. 
6. Application of the point matrix kernel to neutron studies. 
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X. APPENDIX A: 
APPLICATION OF MODIFIED SECANT INTEGRAL FOR SHIELDING CALCULATION 
The modified secant integral function defined as 
F(x, 8.) = 9 sec 9 exp(- x sec 9)d9, 
''' -J ' "fO 
(A-1) 
where x > 0 and 0 < 9^ < 90°, appears in the shielding calculation. 
An illustration of the modified secant integral as used in a 




Fig. A-1. Radiation calculation from line source with the Berger's 
form buildup factors [3]. 
The monoenergetic uncollided photon flux, 0^(z) at the point p due to 
a small increment of length àJL is given by 
exp(- pr) (A-2) 
where 
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S = uniformly distributed isotropic monoenergetic line 
source per unit length per unit time 
|_l = linear attenuation coefficient of shielding material. 
This expression may be integrated along the line source to obtain 
where SECI is the Sievert integral [36] or secant integral. In Fig. A-1 
In order to calculate the collided photon flux it is usual to use 
buildup factors. In particular, the Berger's form buildup factors [3] 
are convenient. Thus, collided flux, 0^(z) at the point p due to a 
small increment of length dJi is given by 
d0 (z) = Cpr exp(- (1 - D)pr) (A-4) 
where C and D are constant coefficients of the Berger's form buildup 
factor. This expression may again be integrated to obtain 
where jiz is the thickness in terms of mean free path lengths and 
(1 - D)lJlz is replaced by x for the integral part of Eq. (A-5) 
which can be compared with Eq. (A-1). 
•— CsECKpz, Bg) - SECKpz, ep] (A-3) 
8^ = tan ^(L^/z) = 0 and 9^ = tan'^CLg/z) where = L. 
(A-5) 
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XI. APPENDIX B; 
INTERPOLATION OF THE TABLE OF THE MODIFIED SECANT INTÉGRAL 
The modified secant integral has been defined 
F(x, 0^) = I sec 0 exp(- x sec 0)d0. 
"fO 
There is some merit to a log F(x, 0^) versus x representation 
since an essentially linear interpolation procedure can be applied. 
To apply a tabulated table for typical shielding calculation one needs 
the quick evaluation of F(x + Ax, 0^+ A0) from the entries in the 
table. In the first step F(x, 0^ + A0) is approximated by use of 
Simpson's rule [38] for h = A0/2. Therefore 
F(x, 0^ + A0) = F(x, 0^) + {f(x, 0^) + 4f(x, 0^ + A0/2) 
+ f(X, 0^ + A0)| + E, (B-1) 
where 
f(x, 0) = sec 0 exp(- x sec 0) 
fW(x. 6). 
2 90 
For sufficiently small A0 
F(x, 0^ + A0) ~ F(x, 0^) + A0 sec 0^ exp(- x sec 0^). (B-2) 
The next step in the interpolation procedure involves calculation 
of the magnitude of F(x + Ax, 0 + A0) from the values of F(x, 0 + A0) 
and F(x + 1, 0 + A0). Fortunately, log(F(x + Ax, 0)) is almost 
linearly proportional to small variation. Ax with constant 0. 
71 
Thus F(x + Ax, 9 + A0) can be obtained by the following interpola­
tion procedure; 
Step 1. Calculate by use of Simpson's rule for h = A9/2 
F(x, 0 + A0) and F(x + 1, 9 + A0). 
Step 2. Calculate 
log(F(x, 9 + A9)) and log(F(x + 1, 9 + A9)). 
Step 3. Obtain 
log(F(x + Ax, 9 + A0)) 
by use of the simple linear interpolation with fixed 
angle, 9 + A9, and obtain 
F(x + Ax, 9 + A9). 
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XII, APPENDIX C: 
FITTING FUNCTIONS FOR THE MODIFIED SECANT INTEGRAL WITH 8 = Tr/2 
The least square fitting technique [9] was used to find the 
functions to calculate the modified secant integral. 
The input data were taken from Appendix D. Since the integral values 
in Appendix D suggest some exponential relations, several polynomial 
functions were tested using the OMNITAB program f 9]. 
Fitting results are as follows: 
for 0.001 < X < 1.0 
,Tr/2 
sec 0 exp(- X sec 8)d6. (C-1) 
0 
i. F(x, TT/2) = 4.190355 X lO"^ - 1.428022 log x 
+ 1.007631 (log x)^ + 5.669273 X lO'^ (log x)^ 
+ 1.543718 X lO'L (log x)^ + 1.623888 X lO"^ (log x)^ 
with fitting standard deviation 1.862 X 10 ^ in F(x, TT/2). 
ii. F(x, Tr/2) = 4.208220 X lO"^ - 1.381036 log x 
+ 1.196866 (log x)^ + 8.394446 X lO'^ (log x)^ 
+ 3.305444 X lO"^ (log x)^ + 6.862700 X lO'^ (log x)^ 
+ 5,837061 X 10"^ (log x)® 
with fitting standard deviation 2.472 X lO"^ in F(x, TT/2) 
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for 1.0 < X < 20.0 
i. log F(x, Tr/2) = 2.149595 X lO'^ - 6.212889 X lO'^x 
+ 2.744778 X 10"V - 2.293096 X 10"V 
+ 9.523916 X 10"^x^ - 1.532902 lO^x^ 
with fitting standard deviation 3.862 X lO" in log F(x, TT/2). 
ii. log F(x, 17/2) = 2.672359 X lO"^ - 6.975868 X lO'^x 
+ 6.286472 X 10"^x^ - 9.768385 X 10"^x^ 
+ 9.153930 X 10"^x^ - 5.00050 X 10"^x^ 
+ 1.463020 X 10"^x^ - 1.768441 X lO'V 
with fitting standard deviation 1.028 X lO"^ in log F(x, Tr/2). 
for 10.0 < X < 40.0 
i. log F(x, TT/2) = - 1.778161 X lO"^ - 4.632313 X 10"^x 
+ 6.133018 X lO'^x^ - 5.491196 X lO'^x^ 
with fitting standard deviation 7.414 X 10 ^  in log F(x, Tr/2). 
ii. log F(x, TT/2) = - 1.246801 X lO"^ - 4.731684 X lO'^x 
+ 1.265309 X 10"V - 2.341907 X 10'\^ 
+ 1.757636 X lO'^x^ 
with fitting standard deviation 1.971 X 10in log F(x, TT/2). 
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XIII. APPENDIX D: 
VALUES OF THE MODIFIED SECANT INTEGRAL 
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MODIFIED SECANT INTEGRAL 
X ANGLE MSECI VALUE 
0.0 1.0 1.74S35E-02 
o.c 2.0 3.49125E-02 
0.0 3.0 5.23833E-02 
o.c 4.0 6.98690E-02 
0.0 5.0 8.73766E-02 
0.0 6.0 1.04910E-01 
0.0 7.0 1.22478E-01 
0.0 8.0 1.40081E-01 
0.0 9.0 1.57729E-01 
0.0 10.0 1.75424E-01 
0.0 11.0 1.93175E-01 
0.0 12.0 2.10986E-01 
0.0 13.0 2.28864E-01 
0.0 14.0 2.46813E-01 
0.0 15.0 2.64841E-01 
0.0 16.0 2.82954E-01 
0.0 17.0 3.01156E-01 
0.0 18.0 3.19457E-01 
0.0 19.0 3.37861E-01 
0.0 20.0 3.56377E-01 
0.0 30.0 5.49305E-01 
0.0 40.0 7.62908E-01 
0.0 50.0 1.01068E 00 
0.0 60.0 1.31695E 00 
0.0 70.0 1.73541E 00 
0.0 80.0 2.43622E 00 
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MODIFIED SECANT INTEGRAL 
X ANGLE MSEC I VALUE ERROR 
0.4 1.0 1.16996E-02 1.02E-08 
C.4 2.0 2.34013E-02 8.65E-08 
0.4 3.0 3.51073E-02 2.95E-07 
0.4 4.0 4.68196E-02 7.00E-07 
0.4 5.0 5.85406E-02 1.37E-06 
0.4 6.0 7.02721E-02 2.38E-06 
0.4 7.0 8.20167E-02 3.78E—06 
0.4 8.0 9.37763E-02 5.65E-06 
0.4 9.0 1.05553E-01 8.05E-06 
0.4 10.0 1.17349E-01 l.llE-05 
0.4 12.0 1.41008E-01 1.92E-05 
0.4 14.0 1.64772E-01 3.06E-05 
0.4 16.0 1.88657E-01 4.58E-05 
0.4 18.0 2.12682E-01 6. 55E—05 
0.4 20.0 2.36866E-01 9.03E-05 
0.4 30.0 3.60825E-01 3.15E-04 
0.4 40.0 4.916826-01 7.81E-04 
0.4 50.0 6.31958Ê-01 1.61E-03 
0.4 60.0 7.83392E-01 2.90E-03 
0.4 70.0 9.42815E-01 4.50E-03 
0.4 80.0 1.08185E 00 4.lOE-03 
0.4 90.0 1.11452E 00 1.06E-07 
0.5 1.0 1.058616-02 9.156-09 
0.5 2.0 2.11739E-02 7.77E-08 
0.5 3.0 3.17649E-02 2.66E-07 
0.5 4.0 4.23606Ê-02 6.33E-07 
0.5 5.0 5.29630E-02 1.24E-06 
0.5 6.0 6.35732E-02 2.15E-06 
0.5 7.0 7.41932E-02 3.42E-06 
0.5 8.0 8.48244E-02 5.10E-06 
C.5 9.0 9.54686E-02 7.28E-06 
0.5 10.0 1.06128E-01 9.99E-06 
0.5 12.0 1.27495E-01 1.73E-05 
0.5 14.0 1.48941E-01 2.76E-05 
0.5 16.0 1.70477E-01 4.13E-05 
0.5 18.0 1.92116E-01 5.906-05 
0.5 20.0 2.13872E-01 8.12E-05 
C.5 30.0 3.24856E-01 2.81E-04 
0.5 40.0 4.40631E-01 6.856-04 
0.5 50.0 5.62326E-01 1.386-03 
C.5 60.0 6.89363E-01 2.386-03 
0.5 70.0 8.14831E-01 3.366-03 
0.5 80.0 9.09032E-01 2.306-03 
0.5 90.0 9.24414E-01 3.686-08 
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MODIFIED SECANT INTEGRAL 
X ANGLE MSEC I VALUE ERROR 
0.6 1.0 9.57868E-03 8.19E-09 
0.6 2.0 1.91585E-02 7.03E-08 
0.6 3.0 2.87407E-02 2.41E-07 
0.6 4.0 3.83264E-02 5.73E-07 
0.6 5.0 4.79167E-02 1.12E-06 
0.6 6.0 5.75129E-02 1.94E-06 
0.6 7.0 6.71160E-02 3.09E-06 
0.6 8.0 7.67273E-02 4.61E—06 
0.6 9.0 8.63479E-02 6. 58E—06 
0.6 10.0 9.59790E-02 9.03E-06 
0.6 12.0 1.15277E-01 1.56E-05 
0.6 14.0 1.34630E-01 2.49E-05 
0.6 16.0 1.54048E-01 3.72E-C5 
0.6 18.0 1.73539E-01 5.31E-05 
0.6 20.0 1.93112E-01 7.30E-05 
0.6 30.0 2.92479E-01 2.50E-04 
0.6 40.0 3.94913E-01 6.01E-04 
0.6 50.0 5.00493E-01 1.18É-03 
0.6 60.0 6.07080E-01 1.95E-03 
0.6 70.0 7.05895E-01 2.51E-03 
0.6 80.0 7.7Û069E-01 1.30E-03 
0.6 90.0 7.77521E-01 1.47E-09 
0.8 1.0 7.84233E-03 7.17E-09 
0.8 2.0 1.56851E-02 5.87E-08 
0.8 3.0 2.35289E-02 1.99E-07 
0.8 4.0 3.137416-02 4.71E-07 
0.8 5.0 3.92212E-02 9.21E-07 
0.8 6.0 4.7Û706E-02 1.59E-06 
0.8 7.0 5.49228E-02 2.53E-06 
0.8 8.0 6.27784E-02 3.77E-06 
0.8 9.0 7.06375E-02 5.38E-06 
0.8 10.0 7.85009E-02 7.37E-06 
0.8 12.0 9.42416E-02 1.27E-05 
0.8 14.0 1.10004E-01 2.02E-05 
0.8 16.Ô 1.25790E-01 3.02E-05 
0.8 18.0 1.41602E-01 4.30E—05 
0.8 20.0 1.57443E-01 5.90E-05 
0.8 30.0 2.37100E-01 1.99E-04 
0.8 40.0 3.17290E-01 4.63E-04 
0.8 50.0 3.96774E-01 8.62E-04 
0.8 60.0 4.71845E-01 1.31E-03 
0.8 70.0 5.33259E-01 1.40E-03 
0.8 30.0 5.63499E-01 4.09E-04 
0.8 90.0 5.65346E-01 5.15E-09 
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MODIFIED SECANT INTEGRAL 
X ANGLE MSECI VALUE ERROR 
1.0 1.0 6.42069E-03 5.93E-09 
1.0 2.0 1.28414E-02 4.81E-08 
1.0 3.0 1.92621E-02 1.63E-07 
1.0 4.0 2.56828E-02 3.86E-07 
1.0 5.0 3.21034E-02 7.53E-07 
1.0 6.0 3.85240E-02 1. 30E-06 
1.0 7.0 4.49446E-02 2.07E-06 
1.0 8.0 5.13650E-02 3.C8E—06 
1.0 9.0 5.77853E-02 4.39E-06 
1.0 10.0 6.42053E-02 6.02E—06 
1.0 12.0 7.70444E-02 1.04E-05 
1.0 14.0 8.98815E-02 1.65E-05 
1.0 16.0 1.02715E-01 2.45E-05 
1.0 18.0 1.15543E-01 3.49E-05 
1.0 20.0 1.28364É-01 4.77E-05 
1.0 30.0 1.92221E-01 1.58E-04 
1.0 40.0 2.55003E-01 3.57E-04 
1.0 50.0 3.i4852E-01 6.32E-04 
1.0 60.0 3.67759E-01 8. 75E-04 
1.0 70.0 4.06031E-01 7.80E-04 
1.0 80.0 4.20543E-01 1.29E-04 
1.0 90.0 4.21024E-01 5.89E-09 
2.0 1.0 2.36192E-03 2.11E-09 
2.0 2.0 4.72311E-03 1.75E-08 
2.0 3.0 7.08286Ê-03 5.95E-08 
2.0 4.0 9.44046Ê-03 1.41E-07 
2.0 5.0 1.17952E-02 2.76E-07 
2.0 6.0 1.41462E-02 4.76E-07 
2.0 7.0 1.64929E-02 7.54E-07 
2.0 8.0 1.88346E-02 1.12E-06 
2.0 9.0 2.11703E-02 1.59E-06 
2.0 10.0 2.34995E-02 2.18E-06 
2.0 12.0 2.81349E-02 3.74E-C6 
2.0 14.0 3.27345E-02 5.88E-06 
2.0 16.0 3.72918E-02 8.67E-06 
2.0 18.0 4.18000E-02 1.22E-05 
2.0 20.0 4.62521E-02 1.65E-05 
2.0 30.0 6.74024E-02 4.97E-05 
2.0 40.0 8.58898E-02 9.67E-05 
2.0 50.0 1.00421E-01 1.33E-04 
2.0 60.0 1.09708E-01 1.18E-04 
2.0 70.0 1.13443E-01 4.19E-05 
2.0 8C.0 1.13892E-01 4.OOE-07 
2.0 90.0 1.13893E-01 6.62E-09 
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MODIFIED SECANT INTEGRAL 
X ANGLE MSECI VALUE ERROR 
5.0 1.0 l.i7575E-04 1.036-10 
5.0 2.0 2.35006E-04 8.666—10 
5.0 3.0 3.52152E-04 2.956-09 
5.0 4.0 4.68869E-04 6.98E-09 
5.0 5.0 5.85015E-04 1.366-08 
5.0 6.0 7.00451E-04 2.336-08 
5.0 7.0 8.15038E-04 3.676-08 
5.0 8.0 9.286366-04 5.436-08 
5.0 9.0 1.04111E-03 7.656-08 
5.0 10.0 1.152336-03 1.046-07 
5.0 12.0 1.37048E-03 1.74E-07 
5.0 14.0 1.582086-03 2.676-07 
5.0 16.0 1.78617E-03 3.836-07 
5.0 18.0 1.98184E-03 5.206-07 
5.0 20.0 2.168296-03 6.766-07 
5.0 30.0 2.939926-03 1.556-06 
5.0 40.0 3.417266-03 1.936-06 
5.0 50.0 3.63154E-03 1.256-06 
5.0 60.0 3.68639E-03 2.93E-07 
5.0 70.0 3.691046-03 6.216-09 
5.0 80.0 3.691086-03 2.90E-10 
5.0 90.0 3.691086-03 2.53E-10 
6.0 1.0 4.325116-05 3.72E-11 
6.0 2.0 8.643646-05 3.18E-10 
6.0 3.0 1.294906-04 1.C8E-09 
6.0 4.0 1.723476-04 2.56E-09 
6.0 5.0 2.149426-04 4.97E-09 
6.0 6.0 2.572126-04 8.526-09 
6.0 7.0 2.990946-04 1.34E-08 
6.0 8.0 3.405256-04 1.986-08 
6.0 9.0 3.814456-04 2.786-08 
6.0 10.0 4.217956-04 3.75E-C8 
6.0 12.0 5.005586-04 6.266—08 
6.0 14.0 5.763766-04 9.526-08 
6.0 16.0 6.488516-04 1.356-07 
6.0 18.0 7.176206-04 1.826-07 
6.0 20.0 7.823726-04 2.336-07 
6.0 30.0 1.03863E-03 4.906-07 
6.0 40.0 1.18023E-03 5.226-07 
6.0 50.0 1.233286-03 2.64E-07 
6.0 60.0 1.243456-03 3.97E-C8 
6.0 70.0 1.243996-03 3.08E-10 
6.0 80.0 1.243996-03 4.026-11 
6.0 90.0 1.24399E-03 4.316-11 
82 
MODIFIED SECANT INTEGRAL 
X ANGLE MSECI VALUE ERROR 
7.0 1.0 1.59104E-05 1.44E-11 
7.0 2.0 3.17918E-05 1.18E-10 
7.0 3.0 4.76152E-05 3.99E-10 
7.0 4.0 6.33518E-05 9.41E-10 
7.0 5.0 7.89733E-05 1.82E-09 
7.0 6.0 9.44517E-05 3.12E-09 
7.0 7.0 1.09760E-04 4.906-09 
7.0 8.0 1.24870E-04 7.21E-09 
7.0 9.0 1.39757E-04 l.OlE-08 
7.0 10.0 1.54396E-04 1.36E-08 
7.0 12.0 1.82833E-04 2.25E-08 
7.0 14.0 2.10001E-04 3.40E-08 
7.0 16.0 2.35738E-04 4.786-08 
7.0 18.0 2.59907E-04 6.356-08 
7.0 20.0 2.82394E-04 8.05E-08 
7.0 30.0 3.67555E-04 1.546-07 
7.0 40.0 4.09631E-04 1.416-07 
7.0 50.0 4.22824E-04 5.586-08 
7.0 60.0 4.247316-04 5.356-09 
7.0 70.0 4.24793E-04 1.15E-11 
7.0 80.0 4.247946-04 2.596-11 
7.0 90.0 4.24795E-04 2.30E-11 
8.0 1.0 5.852816-06 5.046-12 
8.0 2.0 1.169326-05 4.306-11 
8.0 3.0 1.75086E-05 1.466-10 
8.0 4.0 2.32869E-05 3.45E-10 
8.0 5.0 2.90159E-05 6.67E—10 
8.0 6.0 3.46837E-05 1.14E-09 
8.0 7.0 4.02788E-05 1.79E-09 
8 . C 8.0 4.57899E-05 2.626-09 
8.0 9.0 5.120606-05 3.67E-09 
8.0 10.0 5.651696-05 4.926-09 
8.0 12.0 6.678406-05 8.10E-09 
8.0 14.0 7.651856-05 1.21E-08 
8.0 _ 16.0 8.56584E-05 1.696-08 
8.0 18.0 9.41526E-05 2.22E-08 
8.0 20.0 1.01962E-04 2.786-08 
8.0 30.0 1.30282E-04 4.866-08 
8.C 40.0 1.428066-04 3.836-08 
8.0 50.0 1.461016-04 1.18Ë-C8 
8.0 60.0 1.464626-04 7.20E-10 
8.0 70.0 1.464716-04 4.31E-12 
8.0 80.0 1.464716-04 6.65E-12 
8.0 90.0 1.46471E-04 9.70E-12 
83 
MODIFIED SECANT INTEGRAL 
X ANGLE MSEC! VALUE ERROR 
9.0 1.0 2.15303E-06 1.95E-12 
9.0 2.0 4.30081E-06 1.60E-11 
9.0 3.0 6.43815E-06 5.40E-11 
9.0 4.0 8.55988E-06 1.27E-10 
9.0 5.0 1.06609E-05 2.45E-10 
9.0 6.0 1.27364E-05 4.18E-10 
9.0 7.0 1.47814E-05 6.53E-10 
9.0 8.0 1.67914E-05 9.56E-10 
9.0 9.0 1.87618E-05 1.33E-09 
9.0 10.0 2.06886E-05 1.78E-09 
9.0 12.0 2.43956E-05 2.92E-09 
9.0 14.0 2.78837E-05 4.33E-09 
9.0 16.0 3.11296E-05 5.96E-09 
9.0 18.0 3.41149E-05 7.75E-09 
9.0 20.0 3.68271E-05 9.58E-09 
9.0 30.0 4.62506E-05 1.53E-08 
9.0 40.0 4.99852E-05 1.04E-08 
9.0 50.0 5.08113E-05 2.48E-09 
9.0 60.0 5.08803E-05 9.67E-11 
9.0 70.0 5.08812E-05 2.52E-12 
9.0 80.0 5.08812E-05 2.34E-12 
9.0 90.0 5.08813E-05 1.98E-12 
10.0 1.0 7.92014E-07 7.18E-13 
10.0 2.0 1.58186E-0Ô 5.87E-12 
10.0 3.0 2.36738E-06 1.98E-11 
10.0 4.0 3.14645E-06 4.65E-11 
10.0 5.0 3.91699E-06 8.98E-11 
10.0 6.0 4.67697E-06 1.53E-10 
10.0 7.0 5.42443E-06 2.38E-10 
10.0 8.0 6.15749E-06 3.48E-10 
IC.O 9.0 6.87438E-06 4.84E-10 
10.0 10.0 7.57342E-06 6.46E-10 
10.0 12.0 8.91180E-06 1.05E-09 
10.0 14.0 1.01617E-05 1.54E-09 
10.0 16.0 1.13144E-05 2.11E-09 
10.0 18.0 1.23636E-05 2.71E-09 
10.0 20.0 1.33055E-05 3.30E-09 
10.0 30.0 1.64432E-05 4.83E-09 
10.0 40.0 1.75586E-05 2.82E-09 
10.0 50.0 1.776656-05 5.23E-10 
10.0 60.0 1.77799E-05 1.20E-11 
10.0 70.0 1.77800E-05 1.62E-12 
10.0 80.0 1.77800E-05 1.26E-12 
10.0 90.0 1.77800E-05 1.62E-12 
84 
MODIFIED SECANT INTEGRAL 
X ANGLE MSECI VALUE ERROR 
11.0 1.0 2.91350E-07 2.50E-13 
11.0 2.0 5.81814E-07 2.14E-12 
11.0 3.0 8.70510E-07 7.21E-12 
11.0 4.0 1.15658E-06 1.70E-11 
11.0 5.0 1.43916E-06 3.28E-11 
11.0 6.0 1.71745E-06 5.58E-11 
11.0 7.0 1.99065E-06 8.70E-11 
11.0 8.0 2.25801E-06 1.27E-10 
11.0 9.0 2.51882E-06 1.76E-10 
11.0 10.0 2.77243E-06 2.34E-10 
11.0 12.0 3.25565E-06 3.776-10 
11.0 14.0 3.70352E-06 5.506-10 
11.0 16.0 4.11288E-06 7.446-10 
11.0 18.0 4.48163E-06 9.466-10 
11.0 20.0 4.80878E-06 1.146-09 
11.0 30.0 5.85418E-06 1.526-09 
11.0 40.0 6.18786E-06 7.646-10 
11.0 50.0 6.24042E-06 1.116-10 
11.0 60.0 6.24300E-06 1.676-12 
11.0 70.0 6.24301E-06 2.366-13 
11.0 80.0 6.24302E-06 3.596-13 
11.0 90.0 6.24301E-06 3.486-13 
12.0 1.0 1.07177E-07 9.896-14 
12.0 2.0 2.13995E-07 7.986-13 
12.0 2.0 3.20099E-07 2.676-12 
12.0 4.0 4.25139E-07 6.276-12 
12.0 5.0 5.28775E-07 1.216-11 
12.0 6.0 6.30678E-07 2.056-11 
12.0 7.0 7.30534E-07 3.186-11 
12.0 8.0 8.28044E-07 4.626-11 
12.0 9.0 9.22932E-07 6.396-11 
12.0 10.0 1.01494E-06 8.486-11 
12.0 12.0 1.18941E-06 1.366-10 
12.0 14.0 i.34990E-06 1.966-10 
12.0 16.0 1.49528E-06 2.636-10 
12.0 18.0 1.62488E-06 3.316-10 
12.0 20.0 1.73850E-06 3.936-10 
12.0 30.0 2.08703Ê-06 4.806-10 
12.0 40.0 2.18700E-06 2.076-10 
12.0 50.0 2.20032E-06 2.336-11 
12.0 60.0 2.20082E-06 1.466-13 
12.0 70.0 2.20082E-06 I.246-13 
12.0 80.0 2.20082E-06 i;126-13 
12.0 90.0 2.20082E-06 1.356-13 
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MODIFIED SECANT INTEGRAL 
X ANGLE MSEC I VALUE ERROR 
13.0 1.0 3.94260E-08 3.52E-14 
13.0 2.0 7.87081E-08 2.91E-13 
13.0 3.0 1.17704E-07 9.80E-13 
13.0 4.0 1.56273E-07 2.30E-12 
13.0 5.0 1.94281E-07 4.426-12 
13.0 6.0 2.31595E-07 7.486-12 
13.0 7.0 2.68093E-07 1.166-11 
13.0 8.0 3.03656E-07 1.686-11 
13.0 9.0 3.38177E-07 2.326-11 
13.0 10.0 3.71558E-07 3.07E-11 
13.0 12.0 4.34551E-07 4.88E-11 
13.0 14.0 4.920586-07 7.01E-11 
13.0 16.0 5^436886-07 9.30E-11 
13.0 18.0 5.89240E-07 1.16E-10 
13.0 20.0 6.287016-07 1.366-10 
13.0 30.0 7.449656-07 1.51E-10 
13.0 40.0 7.749656-07 5.616-11 
13.0 50.0 7.78351E-07 4.876-12 
13.0 60.0 7.784506-07 2.396-14 
13.0 70.0 7.784536-07 5.476-14 
13.0 80.0 7.784526-07 6.256-14 
13.0 90.0 7.784536-07 5.266-14 
14.0 1.0 1.450326-08 1.256-14 
14.0 2.0 2.894916-08 1.066-13 
14.0 3.0 4.328106-08 3.586-13 
14.0 4.0 5.744336-08 8.426-13 
14.0 5.0 7.138206-08 1.626-12 
14.0 6.0 8.504576-08 2.736-12 
14.0 7.0 9.838566-08 4.236-12 
14.0 8.0 1.113566-07 6.136-12 
14.0 9.0 1.239156-07 8.436-12 
14.0 10.0 1.360266-07 I.116-11 
14.0 12.0 1.587696-07 1.766-11 
14.0 14.0 1.793776-07 2.506-11 
14.0 16.0 1.977126-07 3.286-11 
14.0 18.0 2.137236-07 4.046-11 
14.0 20.0 2.274286-07 4.686-11 
14.0 30.0 2.662376-07 4.776-11 
14.0 40.0 2.752546-07 1.52E-11 
14.0 50.0 2.761176-07 1.036-12 
14.0 60.0 2.761376-07 2.816-15 
14.0 70.0 2.761376-07 7.026-15 
14.0 80.0 2.761376-07 6.326-15 
14.0 90.0 2.761376-07 7.026-15 
I 
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MODIFIED SECANT INTEGRAL 
X ANGLE MSECI VALUE ERROR 
15.0 1.0 5.33520E-09 4.91E-15 
15.0 Z.O 1.06477E-08 3.97E-14 
15.0 3.0 1.59150E-08 1.33E-13 
15.0 4.0 2.11153E-08 3.10E-13 
15.0 5.0 2.62272E-08 5.94E-13 
15.0 6.0 3.12306E-08 l.OOE-12 
15.0 7.0 3.61064E-08 1. 55E-12 
15.0 8.0 4.08370E-08 2.24E-12 
15.0 9.0 4.54062E-08 3.07E-12 
15.0 10.0 4.97999E-08 4.03E-12 
15.0 12.0 5.80118E-08 6.32E-12 
15.0 14.0 6.53959E-08 8.92E-12 
15.0 16.0 7.19078E-08 1.16E-11 
15.0 18.0 7.75351E-08 1.41E-11 
15.0 20.0 8.22953E-08 1.62E-11 
15.0 30.0 9.525716-08 1.50E-11 
15.0 40.0 9.79704E-08 4.12E-12 
15.0 50.0 9.81913E-08 2.15E-13 
15.0 60.0 9.81952E-08 2.llE-15 
15.0 70.0 9.81953E-08 2.llE-15 
15.0 80.0 9.81953E-08 2.11E-15 
15.0 9C.0 9.81952E-08 4.91E-15 
16.0 1.0 1.96262E-09 1.78E-15 
16.0 2.0 3.91629E-09 1.48E-14 
16.0 3.0 5.85217E-09 4.84E-14 
16.0 4.0 7.76164E-09 1.14E-13 
16.0 5.0 9.63640E-09 2.18E-13 
16.0 6.0 1.14686E-08 3.67E-13 
16.0 7.0 1.32507E-08 5.65E-13 
16.0 8.0 1.49760E-08 8.14E-13 
16.0 9.0 1.66384E-08 l.IIE-12 
16.0 10.0 1.82324E-08 1.46E-12 
16.0 12.0 2.11974E-08 2.27E-12 
16.0 14.0 2.38434E-08 3.16E-12 
16.0 16.0 2.61561E-08 4.lOE-12 
16.0 18.0 2.8I340E-08 4.93E-12 
16.0 20.0 2.97873E-08 5.57E-12 
16.0 30.0 3.41190E-08 4.73E-12 
16.0 40.0 3.49367E-08 1.12E-12 
16.0 50.0 3.49934E-08 4.78E-14 
16.0 60.0 3.49942E-08 1.64E-15 
16.0 70.0 3.49944E-08 4.52E-15 
16.0 80.0 3.49943E-08 3.33E-15 
16.0 90.0 3.49943E-08 2.54E-1S 
87 
MODIFIED SECANT INTEGRAL 
X ANGLE MSECI VALUE ERROR 
17.0 1.0 7.21967E-10 6.20E-16 
17.0 2.0 1.44043E-09 5.39E-15 
17.0 3.0 2.15191E-09 1.77E-14 
17.0 4.0 2.85304E-09 4.16E-14 
17.0 5.0 3.54058E-09 7.95E-14 
17.0 6.0 4.21148E-09 1.34E-13 
17.0 7.0 4.86285E-09 2.06E-13 
17.0 8.0 5^4^21 lE-09 2.96E-13 
17.0 9.0 6.09691E-09 4.05E-13 
17.0 10.0 6.67520E-09 5.29E-13 
17.0 12.0 7.74575E-09 8.18E-13 
17.0 14.0 8.69393E-09 1.14E-12 
17.0 16.0 9.51528E-09 1.45E-12 
17.0 18.0 1.02105E-08 1.72E-12 
17.0 20.0 1.07847E-08 1.92E-12 
17.0 30.0 1.22333E-08 1.49Ê-12 
17.0 40.0 1.24800E-08 3.04E-13 
17.0 50.0 1.24946E-08 1.06E-I4 
17.0 60.0 1.24947E-08 1.27E-15 
17.0 70.0 1.24948E-08 2.54E-15 
17.0 80.0 1.24947E-08 2.15E-15 
17.0 90.0 1.24947E-08 1.93E-15 
18.0 1.0 2.65585E-10 2.52E-16 
18.0 2.0 5.29799E-10 2.01E-15 
18.0 3.0 7.91287E-10 6.57Ê-15 
18.C 4.0 1.04874E-09 1.54E-14 
18.0 5.0 1.30089E-09 2.93E-14 
18.0 6.0 1.54656E-09 4.91E-14 
18.0 7.0 1.78464E-09 7.54E-14 
18.0 8.0 2.01414E-09 1.08E-13 
18.0 9.0 2.23417E-09 1.47E-13 
18.0 10.0 2.44398E-09 1.92E-13 
18.0 12.0 2.83051E-09 2.94E-13 
18.0 14.0 3.17029E-09 4.G5E-13 
18.0 16.0 3.46200E-09 5.12E-13 
18.0 18.0 3.70635E-09 6.02E-13 
18.0 20.0 3.90580E-09 6.63E-13 
18.0 30.0 4.39042E-09 4.70E-13 
18.0 40.0 4.46498E-09 8.24E-14 
18.0 50.0 4.46873E-09 2.286-15 
18.0 60.0 4.46876E-09 2.63E-16 
18.0 70.0 4.46878E-09 7.89E-16 
18.0 80.0 4.46877E-09 4.82E-16 














































MODIFIED SECANT INTEGRAL 
ANGLE MSECI VALUE ERROR 
1.0 9.76980E-11 8.75E-17 
2.0 1.94862E-10 7.11E-16 
3.0 2.90965E-10 2.41E-15 
4.0 3.85498E-10 5.63E-1S 
5.0 4.77972E-10 1.07E-14 
6.0 5.67929E-10 1.79E-14 
7.0 6.54949E-10 2.75E-14 
8.0 7.38652E-10 3.94E-14 
9.0 8.18705E-10 5.35E-14 
10.0 8.94820E-10 6.94E-14 
12.0 1.03438E-09 1.06E-13 
14.0 1.15614E-09 1.45E-13 
16.0 1.25974E-09 1.81E-13 
16.0 1.34563E-09 2.10E-13 
20.0 1.41490E-09 2.29E-13 
30.0 1.57714E-09 1.48E-13 
40.0 1.59970E-09 2.23E-14 
50.0 1.60067E-09 5.92E-16 
60.0 1.60068E-09 2.17E-16 
70.0 1.60068E-09 1.15E-16 
80.0 1.60068E-09 3.13E-16 
90.0 1.60068E-09 2.44E-16 
1.0 3.59393E-11 3.29Ê-17 
2.0 7.16712E-11 2.64E-16 
3.0 1.06992E-10 8.85E-16 
4.0 1.41703E-10 2.06E-15 
5.0 1.75616E-10 3.92E-15 
6.0 2.08557E-10 6.57E-15 
7.0 2.40363E-10 l.OOE-14 
8.0 2.70891E-10 1.44E-14 
9.0 3.00015E-10 1.94E-14 
10.0 3.27632E-10 2.52E-14 
12.0 3.78023E-10 3.81E-14 
14.0 4.21654E-10 5.16E-14 
16.0 4.58448E-10 6.40E-14 
18.0 4.88638E-10 7.35E-14 
20.0 5.12701E-10 7.90E-14 
30.0 5.6 7 043E-10 4.68E-14 
40.0 5.73874E-10 6.07E-15 
50.0 5.74126E-10 1.56E-16 
60.0 5.74127E-10 7.13E-17 
70.0 5.74127E-10 6.03E-17 
80.0 5.74127E-10 8.50E-17 
90.0 5.74128E-10 1.51E-16 
89 
MODIFIED SECANT INTEGRAL 
X ANGLE MSECI VALUE ERROR 
21.0 1.0 1.32207E-11 1.246-17 
21.0 2.0 2.63611E-11 9.716-17 
21.0 3.0 3.93422E-11 3.266-16 
21.0 4.0 5.20877E-11 7.566-16 
21.0 5.0 6.45254E-11 1.446-15 
21.0 6.0 7.65876E-11 2.406-15 
21.0 7.0 8.82130E-11 3.676-15 
21.0 8.0 9.93470E-11 5.236-15 
21.0 9.0 1.09943E-iO 7.066-15 
21.0 10.0 1. 199626-10 9.116-15 
21.0 12.0 1.38156E-10 1.376-14 
21.0 14.0 1.53791E-10 1.846-14 
21.0 16.0 1.66859E-10 2.266-14 
21.0 18.0 1.77470E-10 2.576-14 
21.0 20.0 1.85829E-10 2.726-14 
21.0 30.0 2.04040E-10 1.476-14 
21.0 40.0 2.06112E-10 1.646-15 
21.0 50.0 2.06177E-10 2.646-17 
21.0 60.0 2.061786-10 1.426-17 
21.0 70.0 2.061786-10 2.356-17 
21.0 80.0 2.061786-10 3.446-17 
21.0 90.0 2.06178E-10 2.366-17 
22.0 1.0 4.863356-12 4.306-18 
22.0 2.0 9.695706-12 3.546-17 
22.0 3.0 1.44666E-11 1.196-16 
22.0 4.0 1.91466E-11 2.776-16 
22.0 5.0 2.37079E-11 5.276-16 
22.0 6.0 2.812486-11 8.786-16 
22.0 7.0 3.237396-11 1.346-15 
22.0 8.0 3.643476-11 1.906-15 
22.0 9.0 4.028966-11 2.566-15 
22.0 10.0 4.392456-11 3.306-15 
22.0 12.0 5.049386-11 4.936-15 
22.0 14.0 5.609666-11 6.576-15 
22.0 16.0 6.073796-11 7.986-15 
22.0 18.0 6.446776-11 8.976-15 
22.0 20.0 6.737126-11 9.406-15 
22.0 30.0 7.34776E-11 4.646-15 
22.0 40.0 7.41071E-11 4.526-16 
22.0 50.0 7.412396-11 1.326-17 
22.0 60.0 7.41240E-11 1.036-17 
22.0 7C.0 7.412416-11 1.446-17 
22.0 80.0 7.412406-11 1.406-17 
22.0 90.0 7.412426-11 1.996-17 
90 
MODIFIED SECANT INTEGRAL 
X ANGLE MSECI VALUE ERROR 
23.0 1.0 1.78905E-12 1.71E-18 
23.0 2.0 3.56615E-12 1.33E-17 
23.0 3.0 5.31957E-12 4.42E-17 
23.0 4.0 7.03803E-12 1.02E-16 
23.0 5.0 8.71087E-12 1.94E-16 
23.0 6.0 1.03282E-11 3.22E-16 
23.0 7.0 1.18813E-11 4.89E-16 
23.0 8.0 1.33623E-11 6.94E-16 
23.0 9.0 1.47648E-11 9.31E-16 
23.0 IC.O 1.60836E-11 1.20E-15 
23.0 12.0 1.64556E-11 1.77E-15 
23.0 14.0 2.04634E-11 2.34E-15 
23.0 16.0 2.21118E-11 2.82E-15 
23.0 18.0 2.34229E-11 3.14E-15 
23.0 20.0 2.44314E-11 3.24E-15 
23.0 30.0 2.64800E-11 1.46E-15 
23.0 40.0 2.66712E-11 1.23E-16 
23.0 50.0 2.66756E-11 4.28E-18 
23.0 60.0 2.66756E-11 4.45E-18 
23.0 70.0 2.66756E-11 4.45E-18 
23.0 80.0 2.66756E-11 3.60E-18 
23.0 90.0 2.66756E-11 5.31E-18 
24.0 1.0 6.58120E-13 6.22E-19 
24.0 2.0 1.31164E-12 4.87E-18 
24.0 3.0 1.95607E-12 1.62E-17 
24.0 4.0 2.58707E-12 3.74E-17 
24.0 5.0 3.20057E-12 7.11E-17 
24.0 6.0 3.79281E-12 1.18E-16 
24.0 7.0 4.36047E-12 1.78E-16 
24.0 8.0 4.90063E-12 2.S3E-16 
24.0 9.0 5.41C87E-12 3.38E-16 
24.0 10.0 5.88931E-12 4.33E-16 
24.0 12.0 6.74577E-12 6.38E-16 
24.0 14.0 7.46527E-12 8.36E-16 
24.0 16.0 8.05074E-12 9.97E-16 
24.0 18.0 8.51158E-12 l.lOE-15 
24.0 20.0 8.861916-12 1.12E-1S 
24.0 30.0 9.54954E-12 4.61E-16 
24.0 40.0 9.60769E-12 3.31E-17 
24.0 50.0 9.60886E-12 1.05E-18 
24.0 60.0 9.60888E-12 1.17E-18 
24.0 70.0 9.60888E-12 1.05E-18 
24.0 80.0 9.60889E-12 1.55E-18 
24.0 90.0 9.60887E-12 1.28E-18 
91 
MODIFIED SECANT INTEGRAL 
X ANGLE MSECI VALUE ERROR 
25.0 1.0 2.42096E-13 2.216-19 
25.0 2.0 4.82427E-13 1.776-18 
25.0 3.0 7.19270E-13 5.956-18 
25.0 4.0 9.50964E-13 1.376-17 
25.0 5.0 1.17596E-12 2.596-17 
25.0 6.0 1.392826-12 4.306-17 
25.0 7.0 1.600306-12 6.526-17 
25.0 8.0 1.79731E-12 9.206-17 
25.0 9.0 1.98294E-12 1.236-16 
25.0 10.0 2.156526-12 1.576-16 
25.0 12.0 2.46576E-12 2.296-16 
25.0 14.0 2.72360E-12 2.986-16 
25.0 16.0 2.931546-12 3.526-16 
25.0 18.0 3.093546-12 3.836-16 
25.0 20.0 3.21522E-12 3.866-16 
25.0 30.0 3.446176-12 1.456-16 
25.0 40.0 3.463896-12 9.246-18 
25.0 50.0 3.464186-12 3.856-19 
25.0 60.0 3.464186-12 4.396-19 
25.0 70.0 3.464186-12 4.716-19 
25.0 80.0 3.464196-12 7.506-19 
25.0 90.0 3.464186-12 8.466-19 
26.0 1.0 8.905796-14 8.636-20 
26.0 2.0 1.774406-13 6.646-19 
26.0 3.0 2.644866-13 2.206-18 
26.0 4.0 3.495636-13 5.056-18 
26.0 5.0 4.320766-13 9.526-18 
26.0 6.0 5.114906-13 1.586-17 
26.C 7.0 5.873246-13 2.386-17 
26.0 8.0 6.591776-13 3.356-17 
26.0 9.0 7.267146-13 4.476-17 
26.0 10.0 7.896896-13 5.69E-17 
26.0 12.0 9.013486-13 8.266-17 
26.0 14.0 9.937466-13 1.066-16 
26.0 16.0 1.067616-12 1.256-16 
26.0 18.0 1.124556-12 1.346-16 
26.0 20.0 1.166826-12 1.33E-16 
26.0 30.0 1.244406-12 4.586-17 
26.0 40.0 1.249816-12 2.546-18 
26.0 50.0 1.249886-12 9.646-20 
26.0 60.0 1.249896-12 2.036-19 
26.0 70.0 1.249886-12 1.396-19 
26.0 80.0 1.249886-12 2.146-19 
26.0 90.0 1.249886-12 2.466-19 
92 
MODIFIED SECANT INTEGRAL 
X ANGLE MSEC! VALUE 6RR0R 
27.0 1.0 3.27608E-14 3.066-20 
27.0 2.0 6.52633E-14 2.436-19 
27.0 3.0 9.72546E-14 8.056-19 
27.0 4.0 1.28494E-13 1.856-18 
27.0 5.0 1.58755E-13 3.496-18 
27.0 6.0 1.87834E-13 5.776-18 
27.0 7.0 2.15553E-13 8.706-18 
27.0 8.0 2.41758E-13 1.226-17 
27.0 9.0 2.66329E-13 1.626-17 
27.0 10.0 2.89176E-13 2.066-17 
27.0 12.0 3.29493E-13 2.976-17 
27.0 14.0 3.62605E-13 3.806-17 
27.0 16.0 3.88837E-13 4.406-17 
27.0 18.0 4.08854E-13 4.676-17 
27.0 20.0 4.23538E-13 4.596-17 
27.0 30.0 4.49619E-13 1.446-17 
27.0 40.0 4.51268E-13 6.886-19 
27.0 50.0 4.51289E-13 5.626-20 
27.0 60.0 4.51290E-13 7.506-20 
27.0 70.0 4.512916-13 9.646-20 
27.0 80.0 4.51291E-13 9.976-20 
27.0 90.0 4.512906-13 9.376-20 
28.0 1.0 1.205146-14 1.076-20 
28.0 2.0 2.400416-14 8.846-20 
28.0 3.0 3.57617E-14 2.956-19 
28.0 4.0 4.723226-14 6.776-19 
28.0 5.0 5.833036-14 1.286-18 
28.0 6.0 6.89784E-14 2.116-18 
28.0 7.0 7.910956-14 3.176-18 
28.0 6.0 8.866746-14 4.456-18 
28.0 9.0 9.760676-14 5.896-18 
28.0 10.0 1.058956-13 7.456-18 
28.0 12.0 1.204536-13 1.076-17 
28.0 14.0 1.323196-13 1.356-17 
28.0 16.0 1.416366-13 1.556-17 
26.0 18.0 1.486736-13 1.636-17 
28.0 20.0 1.537756-13 1.596-17 
28.0 30.0 1.625466-13 4.566-18 
28.0 40.0 1.630496-13 1.936-19 
28.0 50.0 1.630556-13 2.416-20 
28.0 60.0 1.630556-13 2.886-20 
28.0 70.0 1.630556-13 3.616-20 
28.0 80.0 1.630546-13 2.546-20 
28.0 90.0 1.630556-13 4.956-20 
93 
MODIFIED SECANT INTEGRAL 
X ANGLE MSEC! VALUE ERROR 
29.0 1.0 4.43325E-15 4.27E-21 
29.0 2.0 8.82886E-15 3.30E-20 
29.0 3.0 1.31501E-14 1.09E-19 
29.0 4.0 1.73620E-14 2.49E-19 
29.0 5.0 2.14321E-14 4.69E-19 
29.0 6.0 2.53313E-14 7.72E-19 
29.0 7.0 2.90343E-14 1.16E-18 
29.0 8.0 3.25201E-14 1.62E-18 
29.0 9.0 3.57725E-14 2.14E-18 
29.0 10.0 3.87797E-14 2.70E-18 
29.0 12.0 4.40362E-14 3.65E-18 
29.0 14.0 4.82884E-14 4.84E-18 
29.0 16.0 5.15978E-14 5.49E-18 
29.0 18.0 5.40712E-14 5.71E-18 
29.0 20.0 5.58433E-14 5.47E-18 
29.0 30.0 5.87944E-14 1.43E-18 
29.0 40.0 5.89483E-14 5.226-20 
29.0 50.0 5.89498E-14 6.69E-21 
29.0 60.0 5.89496E-14 2.01E-21 
29.0 70.0 5.89498E-14 7.36E-21 
29.0 80.0 5.89499E-14 1.07E-20 
29.0 90.0 5.89499E-14 1.34E-20 
30.0 1.0 1.63081E-15 1.51E-21 
30.0 2.0 3.24729E-15 1.20E-20 
30.0 3.0 4.83545E-15 4.00E-20 
30.0 4.0 6.38200E-15 9.12E-20 
30.0 5.0 7.874666-15 1.72E-19 
30.0 6.0 9.30246E-15 2.82E-19 
30.0 7.0 1.06559E-14 4.23E-19 
30.0 8.0 1.19273E-14 5.90E-19 
30.0 9.0 1.31105E-14 7.78E-19 
30.0 10.0 1.42015E-14 9.78E-19 
30.0 12.0 1.60996E-14 1.38E-18 
30.0 14.0 1.76234E-14 1.72E-18 
30.0 16.0 1.87988E-14 1.94E-18 
30.0 18.0 1.96684E-14 1.99E-18 
30.0 20.0 2.02840E-14 1.89E-18 
30.0 30.0 2.12774E-14 4.52E-19 
30.0 40.0 2.13245E-14 1.49E-20 
30.0 50.0 2.13249E-14 2.68E-21 
30.0 60.0 2.13249E-14 3.76E-21 
30.0 70.0 2.13249E-14 3.01E-21 
30.0 80.0 2.13249E-14 5.48E-21 
30.0 90.0 2.13249E-14 6.69E-21 
94 
MODIFIED SECANT INTEGRAL 
X ANGLE MSECI VALUE ERROR 
31.0 1.0 5.99913E-16 5.59E-22 
31.0 2.0 1.19437E-15 4.45E-21 
31.0 3.0 1.77805E-15 1.46E-20 
31.0 4.0 2.34593E-15 3.35E-20 
31.0 5.0 2.89335E-15 6.29E-20 
31.0 6.0 3.41618E-15 1.03E-19 
31.0 7.0 3.91088Ê-15 1.54E-19 
31.0 8.0 4.37458E-15 2.15E-19 
31.0 9.0 4.80506E-15 2.83E-19 
31.0 10.0 5.20089E-15 3.55E-19 
31.0 12.0 5.88624E-15 4.98E-19 
31.0 14.0 6.43236E-15 6. 16E-19 
31.0 16.0 6.84985E-15 6.86E-19 
31.0 18.0 7.15550E-15 6.97E-19 
31.0 20.0 7.36937E-15 6.52E-19 
31.0 30.0 7.70393E-15 1.43E-19 
31.0 40.0 7.71835E-15 4.73E-21 
31.0 50.0 7.71841E-15 7.53E-22 
31.0 60.0 7.71844E-15 1.55E-21 
31.0 70.0 7.71842E-15 1.17E-21 
31.0 80.0 7.71842E-15 1.46E-21 
31.0 90.0 7.71842E-15 1.21E-21 
32.0 1.0 2.20685E-16 2.11E-22 
32.0 2.0 4.39296E-16 1.65E-21 
32.0 3.0 6.53817E-16 5.36E-21 
32.0 4.0 8.62335E-16 1.23E-20 
32.0 5.0 1.06310E-15 2.31E-20 
32.0 6.0 1.25455E-15 3.78E-20 
32.0 7.0 1.43536E-15 5.65E-20 
32.0 8.0 1.60448E-15 7.83E-20 
32.0 9.0 1.76110E-15 1.03E-19 
32.0 10.0 1.90470E-15 1.28E-19 
32.0 12.0 2.15217E-15 1.79E-19 
32.0 14.0 2.34788E-15 2.20E-19 
32.0 16.0 2.49617E-15 2.42E-19 
32.0 18.0 2.60362E-15 2.44E-19 
32.0 20.0 2.67792E-15 2.25E-19 
32.0 30.0 2.79063E-15 4.50E-20 
32.0 40.0 2.79504E-15 1.18E-21 
32.0 50.0 2.79508E-15 4.55E-22 
32.0 60.0 2.79507E-15 2.20E-22 
32.0 70.0 2.79508E-15 5.88E-22 
32.0 80.0 2.79508E-15 4.68E-22 
32.0 90.0 2.79507E-15 3.95E-22 
95 
MODIFIED SECANT INTEGRAL 
X ANGLE MSECI VALUE ERROR 
33.0 1.0 8.11810E-17 7.39E-23 
33.0 2.0 1.61575E-16 5.S7E-22 
33.0 3.0 2.40416E-16 1.96E-21 
33.0 4.0 3.169 82 E-16 4.53E-21 
33.0 5.0 3.90609E-16 8.46E-21 
33.0 6.0 4.60715E-16 1.38E-20 
33.0 7.0 5.26803E-16 2.06E-20 
33.0 8.0 5.88482E-16 2. 85E-20 
33.0 9.0 6.45463E-16 3.73E-20 
33.0 10.0 6.97564E-16 4.65E-20 
33.0 12.0 7.86918E-16 6.44E-20 
33.0 14.0 8.57055E-16 7.83E-20 
33.0 16.0 9.09727E-16 8.56E-20 
33.0 18.0 9.47500E-16 8.51E-20 
33.0 20.0 9.73310E-16 7.75E-20 
33.0 30.0 1.01131E-15 1.42E-20 
33.0 40.0 1.01266E-15 4.37E-22 
33.0 50.0 1.01267E-15 1.73E-22 
33.0 60.0 1.01267E-15 1.91E-22 
33.0 70.0 1.01267E-15 2.01E-22 
33.0 80.0 1.01267E-15 2. 80E-22 
33.0 90.0 1.01267E-15 3.66E-22 
34.0 1.0 2.98635E-17 2.91Ê-23 
34.0 2.0 5.94285E-17 2.25E-22 
34.0 3.0 8.84046E-17 7.24E-22 
34.0 4.0 1.16519E-16 1.67E-21 
34.0 5.0 1.43S21E-16 3.lOE-21 
34.0 6.0 1.69192E-16 5.06E-21 
34.0 7.0 1.93348E-16 7.52E-21 
34.0 8.0 2.15844E-16 1.04E-20 
34.0 9.0 2.36575E-16 1.36E-20 
34.0 10.0 2.55478E-16 1.69E-20 
34.0 12.0 2.87742E-16 2.32Ê-20 
34.0 14.0 3.12878E-16 2.80E-20 
34.0 16.0 3.31586E-16 3.03E-20 
34.0 18.0 3.44866E-16 2.98E-20 
34.0 20.0 3.53832E-16 2.68E-20 
34.0 30.0 3.66643E-16 4.48E-21 
34.0 40.0 3.67058E-16 1.18E-22 
34.0 50.0 3.67059E-16 4.97E-23 
34.0 60.0 3.67061E-16 8.63E-23 
34.0 70.0 3.67061E-16 1.07E-22 
34.0 80.0 3.67060E-16 1.02E-22 
34.0 90.0 3.67060E-16 8.89E-23 
96 
MODIFIED SECANT INTEGRAL 
X ANGLE MSECI VALUE ERROR 
35.0 1.0 1.09856E-17 1.05E-23 
35.0 2.0 2.18580E-17 8.246-23 
35.0 3.0 3.25075E-17 2.66E-22 
35.0 4.0 4.28307E-17 6.llE-22 
35.0 5.0 5.273360-17 1.14E-21 
35.0 6.0 6.21338E-17 1.85E-21 
35.0 7.0 7.09631E-17 2.75E-21 
35.0 8.0 7.91675E-17 3.78E-21 
35.0 9.0 8.67098E-17 4.93E-21 
35.0 10.0 9.35679E-17 6.11E-21 
35.0 12.0 1.05218E-16 8.33E-21 
35.0 14.0 1.14226E-16 9.986-21 
35.0 16.0 1.20871E-16 1.07E-20 
35.0 18.0 1.25539E-16 1.046-20 
35.0 20.0 1.28655E-16 9.23E-21 
35.0 30.0 1.32976E-16 1.416-21 
35.0 40.0 1.33103E-16 2.91E-23 
35.0 50.0 1.33104E-16 1.26E-23 
35.0 60.0 1.33105E-16 2.19E-23 
35.0 70.0 1.33105E-16 2. 946-23 
35.0 80.0 1.33105E-16 2.456-23 
35.0 90.0 1.33104E-16 2.55E-23 
36.0 1.0 4.041166-18 3.776-24 
36.0 2.0 8.03948E-18 3.01E-23 
36.0 3.0 1.19534E-17 9.73E-23 
36.0 4.0 1.57440E-17 2.246-22 
36.C 5.0 1.93757E-17 4.16E-22 
36.C 6.0 2.28179E-17 6.77E-22 
36.0 7.0 2.60451E-17 1.006-21 
36.0 8.0 2.90373E-17 1.38E-21 
36.0 9.0 3.17813E-17 1.796-21 
36.0 10.0 3.42694E-17 2.216-21 
36.C 12.0 3.84761E-17 3.00E-21 
36.0 14.0 4.17044E-17 3.56E-21 
36.C 16.0 4.40649E-17 3.786-21 
36.0 18.0 4.57060E-17 3.63E-21 
36.0 20.0 4.678846-17 3.186-21 
36.0 30.0 4.824695-17 4.47E-22 
36.0 40.0 4.82861E-17 1.29E-23 
36.0 50.0 4.82861E-17 6.54E-24 
36.0 60.0 4.828626-17 9.80E-24 
36.0 70.0 4.828626-17 8.996-24 
36.0 80.0 4.828626-17 1.03E-23 
36.0 90.0 4.828626-17 1.50E-23 
97 
MODIFIED SECANT INTEGRAL 
X ANGLE MSECI VALUE ERROR 
37.0 1.0 1.486592-18 1.46E-24 
37.0 2.0 2.956976-18 1.12E-23 
37.0 3.0 4.39545E-18 3.61E-23 
37.0 4.0 5.78731E-18 8.25E-23 
37.0 5.0 7.11924E-18 1.53E-22 
37.0 6.0 8.37970E-18 2.486-22 
37.0 7.0 9.55924E-18 3.666-22 
37.0 8.0 1.06506E-17 5.036-22 
37.0 9.0 1.16489E-17 6.516-22 
37.0 10.0 1.25516E-17 8.02E-22 
37.0 12.0 1.40706E-17 1.086-21 
37.0 14.0 1.52276E-17 1.276-21 
37.0 16.0 1.60660E-17 1.34E-21 
37.0 18.0 1.664306-17 1.276-21 
37.0 20.0 1.701906-17 l.lOE-21 
37.0 30.0 1.751136-17 1.41E-22 
37.0 40.0 1.75233E-17 3.436-24 
37.0 50.0 1.752346-17 2.29E-24 
37.0 60.0 1.752346-17 2.78E-24 
37.0 70.0 1.752346-17 4.25E-24 
37.0 80.0 1.752346-17 4.906-24 
37.0 90.0 1.752346-17 4.74E-24 
38.0 1.0 5.468576-19 5.25E-25 
38.0 2.0 1.087596-18 3.97E-24 
38.0 3.0 1.61626E-18 1.32E-23 
38.0 4.0 2.127346-18 3.02E-23 
38.0 5.0 2.61580E-18 5.58E-23 
38.0 6.0 3.077366-18 9.07E-23 
38.0 7.0 3.508486-18 1.346-22 
38.0 8.0 3.906546-18 1.83E-22 
38.0 9.0 4.26974E-18 2.36É-22 
38.0 10.0 4.597246-18 2.906-22 
38.0 12.0 5.145736-18 3.886-22 
38.0 14.0 5.560386-18 4.536-22 
38.0 16.0 5.858196-18 4.726-22 
38.0 18.0 6.06101E-18 4.436-22 
38.0 20.0 6.191666-18 3.796-22 
38.0 30.0 6.35792E-18 4.41E-23 
38.0 40.0 6.36164E-18 1.146-24 
38.0 50.0 6.361666-18 7.156-25 
38.0 60.0 6.361686-18 1.356-24 
38.0 70.0 6.361666-18 1.096-24 
38.0 80.0 6.361676-18 2.306-24 
38.0 90.0 6.361656-18 1.576-24 
98 
MODIFIED SECANT INTEGRAL 
X ANGLE MSEC! VALUE ERROR 
39.0 1.0 2.01167E-19 1.87E-25 
39.0 2.0 4.00019E-19 1.45E-24 
39.0 3.0 5.94320E-19 4.84E-24 
39.0 4.0 7.81980E-19 l.llE-23 
39.0 5.0 9.61123E-19 2.05E-23 
39.0 6.0 1.13014E-18 3.32E-23 
39.0 7.0 1.28771E-18 4.88E-23 
39.0 8.0 1.43289E-18 6.67E-23 
39.0 9.0 1.56503E-18 8.58E-23 
39.0 10.0 1.68385E-18 1.05E-22 
39.C 12.0 1.88191E-18 1.40E-22 
39.0 14.0 2.03050E-18 1.62E-22 
39.0 16.0 2.13630E-18 1.67E-22 
39.0 18.0 2.20761E-18 1.55E-22 
39.0 20.0 2.25300E-18 1.31E-22 
39.0 30.0 2.30918E-18 1.41E-23 
39.0 40.0 2.31031E-18 4.19E-25 
39.0 50.0 2.31032E-18 4.70E-25 
39.0 60.0 2.31032E-18 5.82E-25 
39.0 70.0 2.31032E-18 6.43E-25 
39.0 80.0 2.31032E-18 6.64E-25 
39.0 90.0 2.31032E-18 8.58E-25 
40.0 1.0 7.40016E-20 7.34E-26 
40.0 2.0 1.47130E-19 5.46E-25 
40.0 3.0 2.18541E-19 1.79E-24 
40.0 4.0 2.87448E-19 4.07E-24 
40.0 5.0 3.53147E-19 7.52E-24 
40.0 6.0 4.15036E-19 1.22E-23 
40.0 7.0 4.72633E-19 1.78E-23 
40.0 8.0 5.25582E-19 2.43E-23 
40.0 9.0 5.73657E-19 3.12E-23 
40.C 10.0 6.16765E-19 3.81E-23 
40.0 12.0 6.88282E-19 5.02E-23 
40.0 14.0 7.41538E-19 5.77E-23 
40.0 16.0 7.79115E-19 5.89E-23 
40.0 18.0 8.04184E-19 5.42E-23 
40.0 20.0 8.19953E-19 4.51E-23 
40.0 30.0 8.38939E-19 4.42E-24 
40.0 40.0 8.39290E-19 1.35E-25 
40.0 50.0 8.39294E-19 1.74E-25 
40.0 60.0 8.39292E-19 1.66E-25 
40.0 70.0 8.39291E-19 1.49E-25 
40.0 80.0 8.39293E-19 2.43E-2S 
40.0 90.0 8.39292E-19 2.25E-25 
